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1 Introduction 

The discovery that superstring theories contain not only strings but also other non-perturbative 
p-dimensional objects, called p branes, has been a source of major progress not only in order to 
arrive at the formulation of M theory, but also for studying perturbative and non-perturbative 
properties of the gauge theories living on the brane world- volume. In fact the so-called Dirichlet 
branes (Dp branes) of type II theories admit two distinct descriptions. On the one hand they 
are classical solutions of the low-energy string effective action and therefore may be described 
in terms of closed strings. On the other hand their dynamics is determined by the degrees of 
freedom of the open strings with endpoints attached to their world-volume, satisfying Dirichlet 
boundary conditions along the directions transverse to the branes. Thus they may be described 
in terms of open strings, as well. This twofold description of the Dp branes was at the basis of the 
Maldacena conjecture P providing the equivalence between a closed string theory, as the type IIB 
on AdS^ X S^, and Af — 4: super Yang-Mills whose degrees of freedom correspond to the massless 
excitations of the open strings having their endpoints attached to a D3 brane. It is also at the 
basis of recent studies of the perturbative and non-perturbative properties of the gauge theories 
living on less supersymmetric and non-conformal branes by means of classical solutions of the 
supergravity equations of motion that we will present in the last section of this lectures. 

The fact that a Dp brane admits two distinct but equivalent descriptions in the open and 
closed string channel goes in the literature under the name of gauge-gravity correspondence. This 
correspondence is a direct consequence of the open/closed string duality that states that the one- 
loop annulus diagram of open strings can be equivalently written as a tree diagram of closed strings. 
This equivalence is known since the early days of string theory and was subsequently developed 
later ^. It is in fact the open/closed string duality that allows to construct the boundary state 
that is the basic tool for describing the Dp branes in the framework of string theory. In these 
lectures we show how both the open and closed string properties of Dp branes can be conveniently 
studied using the formalism of the boundary state and how from it one can reach a non trivial 
understanding of the properties of the gauge theory living on their world- volume. This will be done 
first for maximally supersymmetric theories, as for instance J\f — A super Yang-Mills that lives on 
a D3 brane, and will be extended in the last section to less supersymmetric and non-conformal 
gauge theories ^. 

The lectures are organized as follows. After a self-consistent review of the main properties of 
perturbative open and closed superstring theories done in sect. |5J we present the description of 
Dp branes in terms of closed strings in sect. Oand the one in terms of open strings in sect. 0J 
Sections El and |H| are devoted to the construction of the boundary state and to the calculation 
of brane interaction by means of the one-loop annulus diagram. In sect. {7\ we derive from the 
boundary state the large distance behavior of the corresponding classical supergravity solution and 
the Born-Infcld action and we show that the gauge theory living on the maximally supersymmetric 
Dp branes is the dimensional reduction oi JV ~ I super Yang-Mills in ten dimensions to {p + 1) 
dimensions. Finally in sect.|Slwe extend this procedure to less supersymmetric and non-conformal 
gauge theories by considering fractional and wrapped branes. 

2 Perturbative String Theory 

The action that describes the space-time propagation of a supersymmetric string in the supercon- 
formal gauge is given by 

S=-^ f drda [f^^^d^X^dpX^, - iVp'^d^i,^) , (2.1) 

^ JM 

^ For a set of relevant references on this subject see for instance Ref. 
^ Recent reviews on this subject can be found in Ref.s [21 HI- 



where T is the string tension related to the Regge slope hy T — (27ra')~^, M is the world-sheet 
of the string described by the coordinate ^" = (t, ct), -0 is a world-sheet Majorana spinor and the 
matrices p°' provide a representation of the Clifford algebra {p'^jP^} = —2?]°'^ in two dimensions. 
The previous action is invariant under the following supersymmetry transformations 

SX" = a^p" , Sip" = -ip°'daX''a , S4>'' = iap^'daX" , (2.2) 

where a is a Majorana spinor that satisfies the equation: 

pl^p°'dpa = (2.3) 

The equation of motion and boundary conditions for the string coordinate X^ following from the 
action in Ea. (|2.1(l are 

{dl~dl)X^ = Q , p = Q,...,d-l, (2.4) 
{d^X ■ 5X\,^^ - d^X ■ 5X\,^o) ^ (2.5) 
where a £ [0,7r]. Ea. (|2.5|l can be satisfied either by imposing the periodicity condition 

X^(t,0)=X''(t,^), (2.6) 

which leads to a theory of closed strings, or by requiring 

a,X^«^|o,. =0, (2.7) 

separately at both <t = and a ^ tt obtaining a theory of open strings. In the latter case Ea. (|2.7f) 
can be satisfied in either of the two ways 

9(jXp|o.Tr = ^ Neumann boundary conditions , , 

(5X^|o.w = ^ Dirichlet boundary conditions. ' 

If the open string satisfies Neumann boundary conditions at both its endpoints (N-N boundary 
conditions) the general solution of the Eq.s (|2.4|l and (|2.5|) is equal to 



X''(T,cr) =q^' + 2a'p''T + iV2^Y^ ( I!lLe-"^ cos7ia J , (2.9) 



where n is an integer. For D-D boundary conditions wc have instead 

X^'(r,a) = ^''^---) + '^'- _ { sinna) . (2.10) 



TT ^ — ' V n 



One can also have mixed boundary conditions. The expression of the string coordinates in this 
case can be found in Ref. "7. 

For a closed string the most general solution of the Eq.s of motion and of the periodicity 
condition in Ea. H2.6|l can be written as follows 

X^(t, a)=q^' + 2ayV + iJ— V ( !^e~^'"^^''''> + ^e-^'"^''+-'A , (2.11) 

V 2 \ n n I 

In order to discuss the fermionic degrees of freedom, it is useful to introduce light cone coordinates 

e+=T + a ; i^=T-a , 9± = (2.12) 



In terms of them the Eq. of motion for ip becomes 



= ; = 0, (2.13) 

where 

r±^^^r ; p'^pV. (2.14) 

The boundary conditions following from Eq. (|2.1|) are 

(V^+(5^+-^_,5^_)|^zS-0. (2.15) 
which, in the case of an open string are satisfied if 



V'-(0,t) =77i^+(0,r) 

V'^(7r,T) = 772-0+ (7r,T) ' 



(2.16) 



where 771 and 772 can take the values ±1. In particular if 771 — 772 we get what is called the Ramond 
(R) sector of the open string, while if 771 = —772 we get the Neveu-Schwarz (NS) sector. In the case 
of a closed string the fermionic coordinates V'± are independent from each other and they can be 
either periodic or anti-periodic. This amounts to impose the following conditions: 

V'^^(0,T) = 773V^^(7r,T) 7/;';(0,r) = 7;47^^t('^'^)> (2-17) 

that satisfy the boundary conditions in Ea. H2.15|) . In this case we have four different sectors 
according to the two values that 7^3 and 774 take 

% = ??4 = 1 ^ (R - R) 
, % = r?4 = -l^(NS-NS) 

%3 = -774 = 1 ^ (R-NS) ■ ^ ' 

U3 = -'?4--l^(NS-R) 

The general solution of Ea. H2.13|) satisfying the boundary conditions in Eq.s (|2.16f) is given by 
t 

while the ones satisfying the boundary conditions in Ea. (|2.17f) are given by 



r+'-y V^re-2»*(-+-) where ^ ^ ^ + 2^- NS sector ^^.21) 
^ I < e Z ^ R sector 

In the quantum string theory the oscillators «„ and a„ play the role of creation and annihilation 
operators acting on a Fock space and satisfying the commutation relations 

= =m^„+„,o77'''' ; ,p-] ^ ^ (2.22) 

[<,<] = [r,r]-r,p'^]=0. (2.23) 

which can be obtained by imposing the standard equal time commutators between the bosonic 
string coordinates. Analogously the fermionic oscillators satisfy the anticommutation relations 

{v-r, CI = = ^^"s.+tfl r.} = (2.24) 

following from the canonical anticommutation relations between the fermionic coordinates. The 
closed string vacuum state |0)|0)|p) with momentum p is defined by the conditions 



<|0)|0)|p)=a$t|0)|0)|p)=0 Vn>0 , 



i^nO)|0)|p) =^f|0)|0)b) =0 with 



i > i ^ NS sector 



i > 1 ^ R sector ' 
p^|0)|0)b) =p^|0)|0)b) . (2.25) 

For open strings the vacuum state is |0)|p), and its definition involves only one kind of oscillators. 

Notice that in the R sector there are fermionic zero modes satisfying the Dirac algebra that 
follows from Eg. 12.241) for t,v = 0: 

{^o^^o^} = ,7^'' (2.26) 

and therefore they can be represented as Dirac /^-matrices. This implies that the ground state of 
the Ramond sector transforms as a Dirac spinor and we can label it with a spinor index A. It 
is annihilated by all annihilation operators tpt with i > 0. The action of V'o on the open string 
vacuum is given by 

< 1^) = i= (r^)^^ |C) , (2.27) 



while that on the closed string ground state is given by 

V2 
1 

72 



i;i;\A)\B) = —{rnci^) D\C) \D) 

iii;\A)\B) = ^{r,^f^ im'^D \C)\D) (2.28) 



Because of the Lorentz metric the Fock space defined by the relations in Eq.s H2.22|l - (|2.24|l 
contains states with negative norm. To select only physical states one has to introduce the energy 
momentum tensor and the supercurrent and to look at the action that these two operators have 
on the states. The energy-momentum tensor, in the light cone coordinates, has two non zero 
components 

T++ ^ d+X ■ d+X + ■ d+ip+ ; T__ ^ d-X ■ d-X + ^V- • d-tp^ , (2.29) 

while the supercurrent, which is the Nother current associated to the supersymmetry transforma- 
tion in Ea. H2.2|l . is 

J_^^P_. d-X ; J+ = V+ • d+X . (2.30) 
The Fourier components of T and are called Virasoro generators and are given by 

^ a^,n ■ an+m + ^ ^ + "0-* ' V't+ri , Vn > (2.31) 



meZ t 



with an analogous expression for in the closed string case, while 

oo 

io = a'f + a^n -an + Y^ t^-t ■ ^t- (2.32) 

n=l t>0 

in the open string case and 

/ oo / oo 

Lq = -jP^ + a-n ■ an -I- ■ V't , Lq = —p^ + a-„ -an+Y ' (2.33) 

n=l t>0 n=l t>0 

for a closed string. The conditions which select the physical states involve also the Fourier compo- 
nents of the supercurrent, denoted with Gt (and Gt for closed strings). The operator Gt is given 

by 
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Gt= J2 "~n-4't+n ; (2.34) 
n— — oo 

with an analogous expression for Gt in the cfosed string case. 
The physical states are those satisfying the conditions 

i'mlV'phys) =0 m > 

(io-ao)IV'phys) -0 , (2.35) 
Gt|V'phys) = yt>o 

where oq = ^ for the NS sector and qq = for the R sector. In the closed string case one must 
also impose analogous conditions involving Lm and Gt ■ 

The spectrum of the theory is given in the open string case by 

M2 = 1 [ ^ -an + Y^ • V't - ao J (2.36) 

\ji=l t>o / 



while in the closed case by 



where 



= - (Ml + Ml) , (2.37) 




(2.38) 



For closed strings we should also add the level matching condition 

(Lo - io - Oo + ao)|V^phys) = 0. (2.39) 

Let us now concentrate on the massless spectrum of superstring theories. Imposing the physical 
states conditions given in Eq. H2.35|l for open strings, we get in the NS sector the following massless 
state: 

£t.{k)^j1i/2\^,k) k-e = ; fc^ = (2.40) 

that corresponds to a gauge vector field, with transverse polarization, while in the R sector the 
massless state is given by: 

UA{k)\A,k) ; UA{k-r)\^0 P^O (2.41) 

that in general corresponds to a spinor field in d dimensions. A necessary condition for having 
space-time supersymmetry is that the number of physical bosonic degrees of freedom be equal to 
that of physical fermionic degrees of freedom. In the NS sector we have found a vector field, which 
in 10 dimensions has 8 degrees of freedom (i.e. {d — 2)). In the R sector instead we got a spinor 
field. The number of degrees of freedom of a spinor in d dimension is 2^^/^, if it is a Dirac spinor, 
2^/2^2 if it is a Majorana or Weyl spinor and 2*^/^/4 in the case of Major ana- Weyl spinor (for d 
even). In d = 10 the only spinor having the same number of degrees of freedom of a vector is the 
Majorana- Weyl (with 8 d.o.f.) . Thus in order to have supersymmetry we must impose the ground 
state of the Ramond sector to be a Majorana- Weyl spinor. Since the fermionic coordinates are 
real we expect the spinor to be Majorana. In order to get also a Weyl ground state we must impose 
an additional condition that goes under the name of GSO projection. In the Ramond sector the 
GSO projection implies that we must restrict ourselves to the states that are not annihilated by 
one of the two following operators (for instance the one with the sign -I-): 

Pr^ ' where = ^ V-n • V-n Vii = 2VoVo • ■ • V'o (2-42) 

n=l 
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On the other hand, in order to ehminate the states with half-integer squared mass in units of ol 
that are present in the spectrum of the NS but not in the R sector, we must perform a similar 
projection also in the NS sector introducing the operator 

Pns = where F^s = ^ V-t • V't " 1 (2.43) 

t=l/2 

Because of the previous projections, the tachyon with mass A/^ ~ — l/(2a'), appearing in the NS- 
sector of the spectrum is projected out and the ground state fermion is a Majorana-Weyl spinor 
in ten dimensions with only 8 physical degrees of freedom. 

In the closed string case we have four different sectors and we have Jo perforjii the GSO 
projection in each sector. Then one needs to define analogous quantities F^s, Frt Pns and Pr 
in terms of the right handed oscillators. In so doing one can choose Pr to have the same or the 
opposite sign (±) with respect to the one appearing in the definition of Pr. Then if Pr and Pr 
are defined with the same sign (+ or — ) the two Majorana-Weyl spinors ua and ua of the left 
and right sectors have the same chirality (-1- or — ). Choosing instead the opposite sign they have 
opposite chirality. These two situations corresponds to two different superstring models. Indeed 
the first case corresponds to the type IIB (chiral) theory and the second case to the type IIA (non 
chiral) theory. In the NS-NS sector the massless states are given by: 

V'^/2^^/2|0,^)|0,^) k^ = (2.44) 

Those corresponding to a graviton are obtained by saturating the state in the previous equation 
with the symmetric and traceless tensor: 

i'J = i'Jv^" = (2.45) 

Those corresponding to an antisymmetric 2-form tensor are obtained by saturating the state in 
Ea. H2.44|l with an antisymmetric polarization tensor: 

if = (2.46) 
Finally the dilaton is obtained by saturating the state in Ea. (|2.44|l with the following tensor: 

elfj = [rj^, - k^i, - ka^.] (2.47) 

where £^ = k"^ = and £ ■ k = 1. The physical conditions imply that the polarization tensors for 
both the graviton and the antisymmetric tensor satisfy the condition: 

kf^el^J = k'^e^i^ ^ (2.48) 

Then we have a R-NS sector whose massless state is given by: 

UA{k)\A,k/2) e^{k)^^_^/^\0Tk/2) (2.49) 

By introducing a spinorial quantity with a vector index x'^(fc) = u{k)e^{k) it is easy to check that 
the physical conditions imply that x satisfies the two equations: 

(x)b(/^^) A^M^O k-x = (2.50) 



The vector spinor is reducible under the action of the Lorcntz group. It can be decomposed in the 
following way: 
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1 „ .„„ . .A 



^r,{r'^x.)^ (2.51) 



The first term corresponds to a gravitino with spin 3/2, while the second one to the dilatino with 
spin 1/2. They have opposite chirahty. The same considerations apply also to the R-NS sector that 
provides also a gravitino and a dilatino as in the case of the NS-R sector. In both these sectors 
one gets space-time fermions. 

Finally we have the R-R sector that as the NS-NS sector contains bosonic states. The massless 
states of the R-R sector are given by: 

UA{k)uB{k)\A,k/2)\B^/2) (2.52) 
They are physical states (annihilated by Go and Go) if u and u satisfy the Dirac equation: 

UA{k){k ■ r)\ = UA{k){k ■ r)\ = (2.53) 

In order to investigate further aspects of the R-R spectrum and also for discussing vertex 
operators that are needed to write scattering amplitudes among string states, it is useful to use 
the conformal properties of string theory. Indeed string theory in the conformal gauge is a two- 
dimensional conformal field theory. Thus, instead of the operatorial analysis that we have discussed 
until now, one could give an equivalent description by using the language of conformal field theory 
in which one works with OPEs rather then commutators or anticommutators. We are not going 
to discuss here this alternative description in detail (for a careful discussion see [S],|2]), but we 
will limit our conformal discussion only to those string aspects that get an easier formulation in 
terms of conformal field theory. 

In the conformal formulation one introduces the variables z and z that are related to the world 
sheet variables t and a through the conformal transformation: 

z = e2'(^-'^) ; z = e2*(^+'") , (2.54) 

in the closed string case and 

2 = e*(^-'') ; z = e*(^+'") (2.55) 

in the open string case and then express the bosonic and fermionic coordinates, given in Eq.s 
H2.9|l . H2.10|l and (|2.19() for open strings and in Eq.s H2.11|) . H2.20|l and (|2.21|) for closed strings, in 
terms of z and z. 

Using the conformal language the R-R vacuum state can be written in terms of the NS 

- NS vacuum by introducing the spin fields S^{z)^ S^{z) satisfying the equation: 

lim5^(z)^^(z)|0)|0) = , (2.56) 

z— +0 

where |0) is the NS vacuum. Inserting this equation in Ea. l|2.52|l one can expand it as follows 

lim UA{k)S^{z)uBS^{z)\Q)\{)) = 



where /)xi...^i„ is the completely antisymmetrized product of n F-matrices. 

Also in this case the two spinors can be taken with the same or opposite chirality. Let us 
assume that they have the same chirality corresponding to IIB superstring theory. In this case 
they both satisfy the two following Eq.s 
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where the second is obtained from the first by using that F^^ — —CFnC ^ . With the help of the 
two previous Eq.s it is straightforward to show that: 

?^A(r^i...M„c-i)^^itB = {~iT+^UA{r^,,...^^c-^)^''uB (2.59) 

This means that only the terms with n odd contribute in the sum in Eq. (|2.57|) . If we had spinors 
with opposite chirality then only the terms with n even will be contributing. It remains to show 
that the even or the odd values of n are actually not independent. In fact the first Eq. in (|2.58() 
implies that 

UE (^^^) ^ {^^^...^^C-Y''nG = (2.60) 

But, by using that 



(„l)(n+2)("-l)/2 

TTo" 



-^11-^/^1. ../^^ — /-.„ N. e/ii.../j„/i„+i.../jio^^"^^ ' (2-61) 



m 



Eq. 1(2301) we get 



(_l)(n+2)("-l)/' 
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ur^,...^.^C-'u + ^ eMi...M„M„+i...A^io«^'^"+"-""^i = (2.62) 

that shows that the terms with n > h are related to those with n < 5. For n = 5 we get the 
following self-duality relation: 



ur^i...^5^"'" + ^e/.i-Pio"-^'''-''"'" = (2.63) 



This means that in type IIB we can limit ourselves to n = 1,3,5, while in type IIA to n = 2,4, 
being the other values related to those. 

It can also be shown that the quantities in Ea. H2.62|l correspond to field strengths and not to 
potentials: 

F^,,„^,^=ur^,,„^^C~^u (2.64) 

This follows from the fact that F^^,,,^^ satisfies both the Eq. of motion and the Bianchi identity 
that in form notation are given by: 

dFn = d{:*F)xo-n = (2.65) 

They can be obtained from Ea. l|2.64(l remembering that the two spinors appearing in it, in order 
to be physical, must satisfy the Dirac equation given in Ea. H2.53() . Therefore we have the following 
R-R potentials 

Co , Ca Ci in type IIB (2.66) 

Ci ,C3 in type IIA (2.67) 

where the subindex indicates the rank of the form. 

In conclusion the bosonic spectrum of the two closed superstring IIA and IIB consists of a 
graviton G^^, a dilaton </> and a two- form potential B2 in the NS-NS sector and of the RR fields 
given in Ea. (|2.66|l for the type IIB and in Ea. H2.67|l for the type IIA theory. The number of 
physical degrees of freedom of the previous fields is given in Table 1. We have assumed that d is 
even. If d is odd the fermionic degrees of freedom are given by 2^''"-'^'/^ instead of 2''/^. By counting 
the number of physical degrees of freedom for both type II theories it is easy to check that the 
number of bosonic degrees of freedom (128) equals that of fermionic ones (128) as expected in a 
supersymmetric theory. It turns out that the actions describing the low-energy degrees of freedom 
in the two closed superstring theories are the type IIB and type IIA supergravities that we will 
write down in the next section. 
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Table 1. Degrees of Freedom 



STATE 


d-dims 


10-dims 




(d-2)(d-l)/2 -1 


35 




1 


1 




(d-2)(d-3)/2 


28 


Co 


1 


1 


Ci 


d-2 


8 


C2 


(d-2)(d-3)/2 


28 


C3 


(d-2)(d-3)(d-4)/6 


56 


Ci 


(d - 2)(d - 3)(d - 4)(d - 5)/(2 ■ 4!) 


35 


X-l-L 


(d- 3)2''''74 


56 




2"/ 74 
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Until now we have analyzed the string spectrum in the operatorial framework, in which the 
physical states are constructed by acting with the oscillators a and "0 on the vacuum state. 
However, in order to compute string scattering amplitudes, the conformal description of string 
theory is much more suitable than the operatorial one. Indeed in the conformal framework one 
defines a vertex operator for each string state and then express a scattering amplitude among 
string states in terms of a correlator between the corresponding vertex operators. 

In a conformal field theory one introduces the concept of conformal or primary field V(z) of 
dimension h as an object that satisfies the following OPE with the energy momentum tensor T{z): 

nz)VH^^^ + J^ + ... . (2.68) 

z — w [z — w)^ 

where the dots indicate non singular terms when z ^ w. In order to perform a covariant quantiza- 
tion of string theory we have to consider also the ghost and superghost degrees of freedom that we 
have completely disregarded until now. They arise from the exponentiation of the Faddev-Popov 
determinant that is obtained when the string is quantized through the path-integral quantization. 
In particular choosing the conformal gauge, one gets the following action [5] 



'gh-sgh 



(fz[{bdc + c.c.) + {l3d-f + c.c)] , (2.69) 



where b and c are fermionic fields with conformal dimension equal respectively to 2 and — 1 while 
P and 7 are bosonic fields with conformal dimensions equal respectively to 3/2 and —1/2. 

With the introduction of ghosts the string action in the conformal gauge becomes invariant 
under the BRST transformations and the physical states are characterized by the fact that they 
are annihilated by the BRST charge that is given by 

Q= (f dzJBRsriz) = Qq + Qi+Q2 , (2.70) 



where 



and 



where 



= i ^c{z) [Tiz) + tP-<{z) + dc{z)b{z)\ (2.71) 



2iTi 

h^\j>^l{z)i^{z)-dX{z) ■ Q2 = -^/^7'(^)6(z) (2.72) 
T''"(z) = [-2bdc - dbc] : T'^''{z) = [-^f3dj ~ ^d(3-/] (2.73) 



It is convenient to use the bosonized variables: 



0^(2) 



viz) 



f3{z) = d^{z)e-'^^''> 



In terms of them Qi and Q2 become: 

Qi^lf ^^e'^^^izMz) ■ dX{z) ■ Q2^\j ^6(z)r^(z)9ry(z)e2'^(^) 
A vertex operator corresponding to a physical state must be BRST invariant, i.e. 

[g,w(z)]„ = 
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(2.74) 
(2.75) 
(2.76) 



where [, ]^ means commutator (77 = —1) [anticommutator (77 = 1)] when the vertex operator is a 
bosonic [fermionic] quantity. 

In the massless NS sector of open strings the correct BRST invariant vertex operator with the 
inchision of the ghosts and superghosts contribution turns out to be 



(2.77) 



Here and in the foUowing we use dimensionless string fields X and ip, and also the momentum k 
always appear in the dimensionless combination \j2a'k. The previous vertex is BRST invariant if 
fc^ = e • fc = 0. This can be shown in the following way. Let us define for convenience: 



>V-i(z) = c{z)F{z) 



(2.78) 



and let us compute: 

[Qo,W-i("')] 



dz 
27ri 



dz 
27ri 



c(z) [T(z) + T^''{z) + dc{z)h{z)\ W„i(u;) 



c{z)c(w) 



d^F(w) F{w) 



(cdcF){w) 



(2.79) 



— w [z — w)'^ 

where we have used the fact that F{w) is a conformal field with dimension equal to 1, which 
implies that the four- momentum of the vertex must be light-like fc^ = 0. Expanding around the 
point z ^ w and keeping only the terms that are singular i.e. the only ones that give a non- 
vanishing contribution in the previous equation we get: 



dz 

{ [ciw) + [z — w)dc(w) 



c{w)dF{w) W-i{w) 



z — w 



(z — U))^ 



dc{w)W-i{w) 
[z — w) 



= 



(2.80) 



because the term c{w) in the square bracket gives no contribution ( = ) and the other singular 
terms just trivially cancel. Following the same procedure it can also be checked that 



[Qi,W_i(u;)] = [Q2,W-iiw)] ^ 



(2.81) 



The second equation is valid in general, while the first one is only valid if e • fc = 0. In conclusion 
we have seen that the vertex operator in Ea. (|2.77l) is BRST invariant if fc^ = e • fc = 0. 

We can proceed in an analogous way in the R sector and obtain the following BRST invariant 
vertex operator for the massless fermionic state of open superstring ||5|: 



W^i/2{z) = MA(fc)c(z)5'4(z)e-3'P(^)e^^fc-^(^) 



(2.82) 



It is BRST invariant if fc^ = and ua {r'')^^^ k^, = 0. Both vertices in Eq.s ifTTTjl and have 
conformal dimension equal to zero. 

Moreover in superstring for each physical state we can construct an infinite tower of equivalent 
physical vertex operators all (anti)commuting with the BRST charge and characterized according 
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to their superghost picture P that is equal to the total ghost number of the scalar field ip and 
of the 77^ system that appear in the "bosonization" of the (i-f system according to Ea. (|2.74|) (for 
more details see [2]): 

P = j^^{-dv + iv) (2.83) 

For example the vertex in Ea. l2.77|) . which does not contain the fields 77 and ^ but only the field 
^p appearing in the exponent with a factor —1, is in the picture —1. Analogously the vertex in 
Eg. H2. 82(1 is in the picture —1/2. Vertex operators in different pictures are related through the 
picture changing procedure that we are now going to describe shortly. Starting from a BRST 
invariant vertex Wt in the picture t (characterized by a value of P equal to t), where t is integer 
(half-integer) in the NS (R) sector, one can construct another BRST invariant vertex operator 
yVf+i in the picture t + 1 through the following operation [5] 

Wt+i{w) = [Q,2i{w)Wt{w% = j> —Jbrst{z) 2i{w)Wt{w) . (2.84) 

Using the Jacobi identity and the fact that = one can easily show that the vertex Wt+i{w) 
is BRST invariant: 

[Q,Wt+i]„ = (2.85) 

On the other hand the vertex Wt+iiw) obtained through the construction in Ea. H2.84|l is not 
BRST trivial because the corresponding state contains the zero mode ^0 that is not contained in 
the Hilbert space of the /37-system as it can be seen by looking at the expressions of /3 and 7 in 
terms of ^ given in Eq. H2.74|l . 

In conclusion all the vertices constructed through the procedure given in Ea. H2.84|) are BRST 
invariant and non trivial in the sense that all give a non- vanishing result when inserted for instance 
in a tree-diagram correlator provided that the total picture number is equal to —2 (see 2 for more 
details). Using the picture changing procedure from the vertex operator in Ea. ((2.77|l we can 
construct the vertex operator in the superghost picture which is given by (6| 

Wo(z)-c(z)Vi(z)-i7(z)Vo(z) . (2.86) 

with 

Vo(z) = e- V(2)e'^'=-^(^) and Vi(z) = (e • <9X(z) + i\/2^fc • ^Ae • V)e*^'^"^(^) . (2.87) 

Analogously starting from the massless vertex in the R sector in Eg. 1)2.82(1 one can construct 
the corresponding vertex in an arbitrary superghost picture t. 

In the closed string case the vertex operators are given by the product of two vertex operators 
of the open string. Thus for the massless NS-NS sector in the superghost picture (—1,-1) we have 

W(_i,_i) =e^.V^i(fc/2,z)V!:i(fc/2,z) , (2.88) 

where V^]^(fc/2,z) — c{z)ijj'^{z)e^f^^^e'^^^^ -^i^) and V^i is equal to an analogous expression in 
terms of the tilded modes. This vertex is BRST invariant if A;^ = and e^yk^ = fc'^e^i^ = 0. 

In the R-R sector the vertex operator for massless states in the (—5,-5) superghost picture 

is 

W(-i/2,-i/2) = ^ /-^^ 7-^"^- V^,/,(fcA -)V^V2(fc/2, (2-89) 



2V2(to+ 1)! 

where V\i^(kl2,z) = c(z)S'^(z)e-5¥'(^)e*^^-^(^) and 



F^....y.r.^. = ^ uu{k){P^,...^^^,C-^)''^UE{k) . (2.90) 
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It is BRST invariant if fc^ = and F^j^^ is a field strength satisfying both the Maxwell equation 
{dF = 0) and the Bianchi identity {d *F = Q). 

For future purposes it is useful to give also the vertex operator of a physical R-R state in the 
asymmetric picture (—1/2,-3/2). Indicating with A^j...^^ the gauge potential corresponding to 
the field strength -F)ti...;^„j^i, this vertex is given by T: 

oo 

>V(_v2,-3/2) = E (c^('")77m) ^ V^i/2+M(fc/2,^)V^3/2-M(fc/2,^) (2.91) 

M=0 

where 

^^-.......-."-^^ <-) 

and 

i/2+M(fc/2, z) = a^-^-S(z)...rKz)c(z)5-4(z)e(-^+^-^)^(^)e^^-^W (2.93) 

V^3/2-Af (fc/2, -z) = a^^e(^-)...ae(^-)c(z-)^^(z-)e(-i-*'^)?(^")e^^-^(^") (2.94) 

It can be shown that the vertex operator in Eq. (|2.91|l is BRST invariant if fc^ = and the following 
two conditions are satisfied 

[M!(M -DL.ip ' ^*^^"^=« ■ ^'-''^ 

By acting with the picture changing operator on the vertex in Eq. H2.91|) it can be shown that one 
obtains the vertex in the symmetric picture in Ea. (|2.89|l . In particular one can show that only the 
first term in the sum in Ea. (|2.91|) reproduces the symmetric vertex, while all the other terms give 
BRST trivial contributions. Notice that by changing the superghost picture of the vertex operator 
one also changes the physical content of the specific vertex. Indeed while the vertex operator in the 
symmetric picture is proportional to the field strength, the one in the asymmetric picture depends 
on the potential. Obviously the picture changing procedure does not affect the amplitudes, which 
always depend on the field strength. 

Having constructed the BRST invariant vertex operators we can use them to compute scat- 
tering amplitudes between string states. In order to get a non- vanishing result, we must use three 
BRST-invariant vertices of the form c{z)V{z) {V{z) is a primary field with conformal dimension 
equal to 1 that does not contain the ghosts b and c) corresponding to the states for which we fix the 
corresponding Koba-Nielsen variables to 0, 1 and oo and {N — 3) vertices without the factor c{z). 
The last ones are also BRST-invariant because we integrate over the corresponding Koba-Nielsen 
variable. In this way the product of the N vertices has ghost number equal to 3 and when it is 
taken between the BRST and projective-invariant vacuum characterized by ghost number q = Q 
we get a non-zero result. Moreover one must also require the product of the N vertex operator to 
have superghost number equal to —2. 

As an example let us calculate the amplitude among three gluon states with momentum ki 
and polarization at tree level in perturbation theory. This is given by [S] 

A0(ei,A:i;e2,fc2;e3,fc3) = Co(iA^op)^Tr(A''iA"U'^-^)(VF_i(zi)I¥_i(z2)W^o(^3)) (2.96) 
where the normalization of the tree level amplitude and of the states in d dimensions are 

^" = . 1 „^ = 25op(2«')'^ , (2.97) 



the matrices A are the generators of the gauge group SU{N) in the fundamental representation, 
normalized as 
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Tr(A''A''^ 



gab 



(2.98) 



and finally W-i is the gluon vertex in the superghost picture —1 given in Eg. (|2. 77(1 and Wq is the 
one in the picture defined in Eg. H2. 86(1 . Let us evaluate the correlator 



3 



3 



1=1 i=l 

(2.99) 



Using the correlators |S] 



/^iV2a^ki-X{zi)^iV2a^kj-X{zj)\ 



i\/2a'k 



(z,,f"''='-'=' 



'ij 



{c{z^)c{Zj)c{zk)) = ZijZikZjk , 

{zi — Zj), Eq. (|2.99|l becomes 
(VF_i(zi)VF_i(z2)Wo(z3)) 



with z. 



2a'elele^pZ23Zi3 



( 




)^b<k(z^ 




■14 


f hi. 


I Zi2 


_Zl3 


Z2Z_ 



Z13Z23 



(2.100) 
(2.101) 
(2.102) 

(2.103) 



where we have used the on-shell condition to eliminate the factors (zij)^" fci-^j Substituting Eq.s 
H2.97|l and (|2.1(J3|) in Eg. H2.96() . using momentum conservation and transversality one gets: 



A (ei, fci; £2, ^2; £3, fcs 



?op(2a')~Tr(A"U'^^A''^)(ei-e2fci-e3 + e3-eifc3-e2 + e2-e3fc2-ei) (2.104) 



In order to compare this result with the field theory 3-gluon amplitude we need to add to the pre- 
vious expression corresponding to the permutation (1, 2, 3) also the contribution of the anticyclic 
permutation (3, 2, 1) that can be easily obtained from eg. (|2.1U4|) . In so doing one gets 

A°{ei,ki;e2, fc2; £3, ks) = 4z5op(2a')'^f"^"^"^' (d • £2^1 • £3 + £3 • £1^3 • £2 + £2 • £3^2 • £1) (2.105) 

where we have used that Tr([A°i A°=^]A"3) = Ifaia2a3_ Comparing Eg. H2.105|) with the 3-gluon 
scattering amplitude in d dimension, we get the following relation between the (i-dimensional 
gauge coupling constant and the string parameters ^op and a' 

ga = 2g,p{2a')^ (2.106) 
3 Classical p-brane: the closed string perspective 

At semiclassical level, in addition to strings, closed string theories naturally contain other extended 
objects that are called p branes which are solutions of the low energy string effective action. They 
act as sources of the massless R-R closed string fields and saturate the BPS bound between mass 
and charge. In order to see how they appear in the theory, let us briefly discuss the low energy 
limit of string theory. The low energy effective action of type IIB string theory is given by the 
so-called type IIB supergravity. Its bosonic part in the Einstein frame is given by: ^ 

^ Our conventions for curved indices and forms are the following: e" "^ = 4-1; signature ( — fJ-ji' = 
0, ... ,9; a,/? = 0, . . . , 3; i,j = 4,5; £,m = 6, . . . ,9; = ^ LUfj.^...^^dx^^ A ... A da;^", and *lj(„) = 
V-dctG cj'^i'"'^''f7r''i A A r/r^io-" 
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5iiB = ^1 J d^°x V-detG R-^ J #A*# + e-^Hs A *if3 + e^^Fi A*Fi 



+ e-^Fa A*F3 + - F5 A ^Fg - C4 A 3 A F3 



(3.1) 



where 



(3.2) 



are, respectively, the field strengths of the NS-NS 2-form and of the 0-, 2- and 4-form potentials 
of the R-R sector and 



■F3 = -P3 + C'o A , F5 = F5 + C2 A H3 . 



(3.3) 



Moreover, = 16ttG]^ = (27r)^(7^a'^ where g,, is the string coupling constant, and the self- 
duality constraint *F5 = F5 has to be implemented on shell. 

The low energy type IIA string effective action, corresponding to type IIA supergravity has, 
in our conventions, the following expression: 



Sua 



2k2 



d'^'xV-GR + 



- i y" A *d(t> + e-'I'Hs A *Hs - e"^l'^F2 A *Fi - e'^l'^F^ A *F^ + B2 A F4 A Ft) | , (3.4) 

where we have considered only the bosonic degrees of freedom. The field strengths appearing in 
the last equation are given by: 



Hs = dB2, F2=dCi, F4 = dC3, Fi = Fi-C^^H^, 



(3.5) 



and 2^2 = {2-Kygla'\ 

The previous supergravity actions have been written in the so-called Einstein frame. It is also 
useful to give their expression in a different frame which is called the string frame, the two being 
related by the following rescaling of the metric: 



9^1. 



^^^(4>-M/2q^^ ,with et"=gs 



(3.6) 



where with g^,^ we have indicated the string frame metric. In general under a rescaling of the 
metric 

g^u = 6-2^-^(^)5^. (3.7) 

the various terms that appear in the supergravity Lagrangian are modified as follows: 



R = e2«^(^) 



R + 2s{d- (V^5^"3,7W) - s\d-l){d-2)g>'^d^^{x)d,^{x) 



e-2a7(x)yz^ 



R-hr^d^^d,^ 



g-[2a+«(ci-2)]7(x)^ 



X ^ {R + [s2(d - l){d - 2) + Aas{d - 1) - 6] ^''"9^7^.7} 



(3.8) 
(3.9) 

(3.10) 



c g •■•g ^ij,i...ij,„j^v-i...i'„ 



2n\ 

2n! 



(3.11) 
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where for the sake of generahty we have kept the dimension of the space-time d arbitrary. 

Applying the previous formulas in Eq. H3.1|l we get the purely bosonic part of the IIB super- 
gravity action in the string frame: 



Sub — 



1 
2^ 



-2(0- 0o) 



Fs A *F3 + Fi* AFi + -F5 A *F5 ~ d A H3 A F3 



while for the type IIA effective action in the string frame one gets: 



(3.12) 



IIA 



-2(0-0o) 



+ 



1 

12 



F4 A *Fi + F2* AF2+ -B^AFiA Fi 



(3.13) 



The classical equations of motion derived from the previous low-energy actions admit solutions 
corresponding to p-dimensional objects called p-brane. In the following we want just to remind 
their main properties. The starting point is either Ea. H3.1ll or H3.4|l in which we neglect the NS-NS 
two-form potential and we keep only one R-R field, namely: 



~a(p 



(3.14) 



where we have indicated with d the space-time dimension. The p brane solution is obtained by 
making the following ansatz for the metric: 



ds^ = [H{r)f^ {r]c,(3dx°'dx>^) + [i?(r)]^^ {S^jdx'dx^) 
with a, /? g {0, ■■■p}, i, J G {p + 1, ...d— 1} , and the ansatz 

e-*(-) ^ [H{r)r , Coi...p{x)^±[H{r)]-^ , 



(3.15) 



(3.16) 



for the dilaton (/> and for the R-R [p + l)-form potential C respectively. H{r) is assumed to be 
only a function of the square of the transverse coordinates r ' . If the parameters are 

chosen as 

d-p-3 p+1 a 

^^'W^ ' ""^W^) ' "=2 ' ' 



with a obeying the equation 



2(p+l)(d-p-3) 
d-2 



(3.18) 



then the function H{r) satisfies the fiat space Laplace equation. A BPS solution corresponding to a 
p dimensional extended object, namely an extremal p-brane solution, is constructed by introducing 
in the right hand side of the Eq.s of motion, following from the action (|3.14(l . a (5- function source 
term in the transverse directions which can be obtained from the following boundary action: 



Sbound = -Tp J dP+^ie-'^''' V-detG^^ + j C^+i 
where the constant a in d = 10 is given by: 

p-3 



(3.19) 



(3.20) 
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If we restrict ourselves to the simplest case of just one p-brane, we obtain for H{r) 

H{r) = 1 + 2KTj,G{r) , 

where 



G(r) 



-^logr p = d~3 , 



with 



(27r)(9+l)/2/r((g+l)/2) 



(3.21) 
(3.22) 
(3.23) 



being the area of a unit g-dimensional sphere Sq. For future use it is convenient to introduce the 
quantity: 

^/2 



Qp — f^p / J o\ D ) — V^Tp ; Tp — . 

[d-p- i) Ud-p-2 V2k 



and (if p < d — 3) to rewrite H{r) in Ea. (|3.21l) as follows: 

Qp 



H{x) = 1 



(3.24) 



(3.25) 



The classical solution has a mass per unit p-volume, Mp and an electric charge with respect to 
the R-R field, /Xp, given respectively by 



T 

Mp='-^ 

K 



fJ-p 



±V2Tp 



(3.26) 



4 Dp branes: the open string perspective 

The p-branes solutions of the low-energy string effective actions discussed in the previous sec- 
tion have a complementary description, in the open string framework, as Dp branes that is as 
hyperplanes on which open string attach their endpoints. The existence of such hyperplanes is 
required by the extension of T-duality, which is a symmetry of (bosonic) closed string theory, to 
the open string case. The fundamental observation made by Polchinski [H| has been to identify the 
Dp branes appearing in open string theory with the p-branes solutions of the supergravity Eq.s 
of motion. Let us briefly review how T-duality enforces the existence of Dp branes (for a detailed 
discussion see |2])- T-duality is the transformation that interchanges the winding states with the 
Kaluza-Klein states appearing in the closed string spectrum when the theory is compactified on a 
torus. It turns out that the bosonic closed string theory is invariant under T-duality, while in the 
supersymmetric case, this transformation is in general not a symmetry but brings from a certain 
string theory to another string theory. 

Let us first discuss the bosonic case. When one space coordinate is compactified on a circle of 
radius R, the bosonic closed string mass operator acquires the following form 



]vr = — 

a' 



oo 

E 

.n=l 



(a-r 



r) + 



wR 



(4.1) 



from which we see that the spectrum of the closed string has been enriched with respect to the 
non-compact case by the appearance of two kinds of particles: the usual K-K modes - coming from 
the standard quantization of the momentum conjugate to the compact direction - which contribute 
to the energy as together with some new excitations that are called winding modes because 
they can be thought of as generated by the winding of the closed string around the compact 
direction, which in fact contributes to the energy of the system as 



(4.2) 



18 



where T = l/(27ra') is the string tension. All previous formulas can be trivially generalized to the 
case of a toroidal compactified theory in which a number of coordinates are compactified on 
circles with radii R'^^\ 

From Eq. H4.1|l we see that the spectrum of the theory is invariant under the exchange of KK 
modes with winding modes together with an inversion of the radius of compactification: 

a' 

w ; R= — . (4.3) 

R 

This is called a T-duality transformation and R is the compactification radius of the T-dual 
theory. It can also be shown that both the partition function and the correlators are invariant 
under T-duality. This means that T-duality is a symmetry of the bosonic closed string theory. As 
a consequence, whenever we have to consider compactified theories, we can limit ourselves to the 
case R > \fci! . That is the reason why \foi! is often called the minimal length of string theory. 

Consistently with Eq. (|4.1|) one can also define the action of T-duality on the string coordinate 
X as follows (see |2j for details) 

X_ X_ X+^ -X+ (4.4) 

where we have written 

X = i(X_+X+), (4.5) 

with 

X_=q + 2%/2^(r - cr)ao + iV2^ ^ — e'^^"'^"'^) , (4.6) 

and _ 

X+=q + 2 V2^(t + a)5o + iV2^ V ^ e-2™(-+-) , (4.7) 

^ — ' n 

Therefore the T-duality transformation acts on the right sector as a parity operator changing sign 
of the right moving coordinate X+ and leaving unchanged the left moving one X- . 

In an open string theory, even in its compactified version, there are only K-K modes, while 
the winding modes are absent. This could suggest that T-duality is not a symmetry of the open 
string theory. Such a conclusion, however, is not satisfactory because theories with open strings 
also contain closed strings! Therefore if d — p — 1 directions are compactified on circles with radii 
R^, performing the limits i?^ — > one would end with open strings living in a p + 1-dimensional 
subspace of the entire space-time, and closed strings in the entire d-dimensional target space. 
Indeed in that limit the open string sector would keep no trace of the compact dimensions, losing 
effectively d — p—1 directions, because all the K-K modes become infinitely massive and decouple 
from the spectrum. Instead in the closed sector, even if the K-K modes decouple, the winding 
modes would not disappear giving a continuum of states and, through a T-duality transformation, 
one could completely restore all the d space-time dimensions, as a consequence of the fact that in 
the limit R^ ^ the T-dual radii go to infinity. This mismatch can be solved by requiring that, in 
the T-dual picture, open string still can oscillate in d dimensions, while their endpoints are fixed 
on a p -|- 1-dimensional hyperplane that we call Dp brane. In this scenario open strings satisfy 
Dirichlet boundary conditions in the d — p—1 transverse directions. These are allowed boundary 
conditions, as we have already seen in Ea. (|2.8|) . although they destroy the Poincare invariance of 
the theory. In conclusion, in order to avoid a different behavior between the closed and the open 
sector of string theory, we must require the action of T-duality on an open string theory to be 
that of transforming Neumann boundary conditions into Dirichlet ones. This can, in fact, be very 
naturally obtained if we extend the definition of the T-dual coordinate given in Ea. linjl to the 
open string case. In this way we obtain the following T-dual open string coordinate: 



r -^[xi- xi] 



(4.8) 
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where now the left and right movers contain the same set of oscillators 

=q^ + c^ + ^/2^(T-c^)4+^V2^^^ e-"(^-'^) , (4.9) 

and 

X|=q^-c^ + \/2^(T + cr)4+zV2^^^ e-"(^+'^) , (4.10) 

From Eq.s 1)4. 8|l . H4.9|l and H4.1U|I one can immediately see that T-duality has transformed a string 
coordinate satisfying Neumann boundary conditions and given by 1/2 [X£ + X^'j into a T-dual 
one satisfying Dirichlet boundary conditions and given by Eg. 1)4. 8)1 . 

In superstring theory the effect of T-duality on the bosonic coordinates is exactly the same as 
discussed for the bosonic string, namely T-duality acts as a parity transformation over the tilded 
sector, while for the fermionic coordinates the transformations under T-duality can be fixed by 
requiring the superconformal invariance of the theory which imposes 

^+ ^ ; 4'-^^- , (4.11) 

or in terms of the oscillators _ _ 

4>t -A ; ^ V-t , (4.12) 

We end this section by giving the spectrum of open superstrings having their end-points at- 
tached to a Dp-brane. This is given by the following formula: 

C30 

a'fc|j ^ na\ • a„ + ^ t-0t ' "0* - a = (4.13) 

n=l t 

where a = ^[0] in the NS [R] sector and fc|| is the momentum of the string parallel to the brane. 
In particular the massless states in the NS sector are given by (V''"i/2> "011/2)107 ^) corresponding 
to a gauge boson Aa and to (9 — p) Higgs scalars related to the translational modes of the 
brane along the directions transverse to its world-volume. These gauge and scalar fields living on 
the world-volume of a Dp-brane become non-abelian transforming all of them according to the 
adjoint representation of the gauge group if instead of a single Dp-brane we have a bunch of N 
coincident Dp-branes. In this case in fact we get N"^ massless states corresponding to the fact that 
the open strings can have their end-points on each of the N branes. 

5 Boundary State 

The interaction between two Dp branes is given by the vacuum fluctuation of an open string 
stretching between them. This is similar to what happens in the Casimir effect, where the in- 
teraction between two superconducting plates is obtained by computing the vacuum fluctuation 
of the electromagnetic field, due to the presence of the boundary plates. Thus Dp brane inter- 
action is simply given by the one- loop open string "free-energy" which is usually represented by 
the annulus. Furthermore the same interaction admits a complementary description in the closed 
string language. Indeed, by exchanging the variables cr and r, the one-loop open string amplitude 
can also be viewed as a tree diagram of a closed string created from the vacuum, propagating 
for a while and then annihilating again into the vacuum. These two equivalent descriptions of 
the same diagram are called respectively the 'open-channel' and the 'closed-channel' and the re- 
lation between the two description is called open/closed string duality. We want to stress that 
the physical content of the two descriptions is a priori completely different. In the first case we 
describe the interaction between two Dp branes as a one-loop amplitude of open strings, which 
is the amplitude of a quantum theory of open strings, while in the second case we describe the 
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same interaction as a tree-level amplitude of closed strings, which is instead a classical amplitude 
in a theory of closed strings. The fact that these two descriptions are equivalent is a consequence 
of the conformal symmetry of string theory that allows one to connect the two apriori different 
descriptions. 

To show that, let us consider a one-loop diagram with an open string circulating in it and 
stretching between two parallel Dp branes with coordinates respectively {yP~^^ , ...,y'^~^) and 
{w^^^ , ...,w'^~^). The open string satisfies Neumann boundary conditions along the directions 
longitudinal to the branes both at cr = and a = tt 

5.^"|.=o,. = a = 0,l,....,p, (5.1) 

while along the transverse directions one has 

X\=o=y' X\^^=w' z=p-t-l,...,d-l , (5.2) 

where we take a and r in the two intervals a € [0,7r] and r S [0,T]. There is a conformal 
transformation acting on the previous open string boundary conditions which transforms them 
into the boundary conditions for a closed string propagating between the two Dp branes. In terms 
of the complex coordinate = a + ir, this transformation reads 

C = a + ir ^ —i( = t — ia , (5-3) 

or equivalently 

(a,T)^(T,-a) . (5.4) 

In order to have the closed string variables a and r to vary in the intervals a £ [0, tt] and r G [0, T] 
one can exploit conformal invariance, once more, performing the following rescaling 

o- T-^ , (5.5) 

where we have defined 

f = -ttVt . (5.6) 

From the previous equations it follows that a loop of an open string propagating through the proper 
time T is conformally equivalent to a tree-level amplitude of a closed string which propagates 
through the proper time T ~ 1/T. 

In the closed string channel we need to construct the two boundary states \Bx) that describe 
the two Dp branes respectively at r = and t = T. The equations that characterize these states 
are obtained by applying the conformal transformation previously constructed to the boundary 
conditions for the open string given in Eq.s H5.1|) and 15. 2f) . At t = wc get the following conditions: 

drX^\^=o\Bx)=0 a = 0,...,p, (5.7) 

X\^a\Bx)=v' i^p+l,...,d-l . (5.8) 

Analogous conditions can be obtained for the Dp brane at t = T. 

The previous equations can be easily written in terms of the closed string oscillators by making 
use of the expansion in Ea. (|2.11|) . obtaining 

«+5^„)|i?x)=0 ; K-5L„)|i?x) =0 Vn^O ri^x) = - yOl^x) = . (5.9) 

Introducing the matrix 

S"" ^{t]'^^,^5'^) , (5.10) 
it is easy to see that the state satisfying the previous equations is 
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\Bx) = ^S'-^-'iq'-f) (^ne-*"-"«--j |0)„|0)~b = 0) , (5.11) 

where 

T,^-^{2.V^)i-'^^ . (5.12) 

The normaUzation of the boundary state Tp/2 can be fixed by computing the interaction between 
two parallel Dp branes both in the open and in the closed string channel and comparing the two 
results. See Ref. for details. 

In the superstring case, together with the bosonic boundary state \Bx) one also has a fermionic 
component \B^) which can be constructed by performing the conformal transformation, which 
brings from the open to the closed channel, on the boundary conditions for an open superstring 
stretching between two Dp branes . 

In Eq. (|2.16|l we have given the fermionic boundary conditions of an open superstring corre- 
sponding to the case in which the bosonic degrees of freedom satisfy Neumann boundary conditions 
in all directions. If the bosonic coordinate satisfies Dirichlet boundary conditions in some of the 
directions, those boundary conditions are changed as follows: 



r(0,T)=7,l5^,^+''(0,T) 
r(7r,T) =7725^>+'^(^,t) 



(5.13) 



where the matrix S has been defined in Ea. (|5.1U|l . This can be easily understood using T-duality. 
Indeed T-duality transforms Neumann into Dirichlet boundary conditions for the bosonic coordi- 
nate and, as discussed in sect. 0] changes the sign of the fermionic coordinate in the right sector 
leaving that of the left sector unchanged. Moreover we must also give the periodicity or anti peri- 
odicity conditions for the fermionic degrees of freedom in going around the loop. These are chosen 
to be 

V'-(cr,0) = ry3V'-(cr,r) , . 

V'+(a,o) = 774V'+(a,r) ^^-'^^ 

where 773 and 774 can take the values ±1. From the boundary conditions in Eq.s (|5.13|) and (|5.14() 
we get 

V^{Q,Q) = mS^' ,r+{Q,Q) = mmSM^+''{Q,T) (5.i5) 

and 

V'^:(0,0) = r,3V^(0,T) = ry3?7i5''>+''(0,r) (5.16) 

The two set of boundary conditions in Eq.s (|5.13() and (|5.14|l must be consistent with each other, 
thus 773 = 774. 

In order to pass to the closed string channel, one has to take into account that the right 
and left fermionic coordinates '0_ and "0+ are two-dimensional conformal fields with conformal 
weight /i = i with respect to the variables C, and C, respectively and then, under the conformal 
transformation (|5.3|) . they transform as 

V'-(C)-^-(C) = (-*)*^-(/(C)) (5.17) 

and 

^^+(0 ^ V'UC) = ii)H+{KC)) (5.18) 

This implies that, performing the previous transformation on Ea. H5.13|l . there is a relative factor 
i appearing between the right and left modes, which transforms the boundary conditions (|5.13(l 
and (|5.14|l in 

r-{Q,a)=irj,S^^,r+{^,a) ^^^^^^ 



and 
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f^tn ^\ — ^\ (5.20) 



where we have exphcitly put 774 = 773. The identity between 773 and 774, imphes that the fermionic 
boundary state has only the R-R and the NS-NS sectors. From the first equation in H5.19|l . one 
can derive the overlap Eq.s for the fermionic boundary state: 

(V^!(0,fT)-*77^^>;(0,a))|Bv„ry) =0 (5.21) 

where rj = ±1, which, in the case of the NS-NS-sector, are satisfied by 

oo 

\B^,V)=-^ n (e^"'^-'-^-^-') |0) (5.22) 

t=l/2 

In the R-R sector the boundary state has the same form as in the NS-NS sector for what the 
non-zero modes is concerned, but with integer instead of half-integer modes. We get therefore ^ 

oo ^ 

t=i 

where the zero mode contribution 77)*^"^ is given by 

\B^,il)^"^ ^Mab\A)\B) (5.24) 

with 

Mab = ( CT"...rP^^^^^] (5.25) 



I + irj 



AB 



C is the charge conjugation matrix and F'^ are the Dirac F matrices in the 10-dimensional space 
(see Ref. for some detail about the derivation of Eq.s H5.24II and (|5.25|) '). 

The boundary state discussed until now describes only the degrees of freedom corresponding to 
the string coordinate X and ip. In order to have a BRST invariant object we have to supplement 
it with a component describing the ghost and superghosts degrees of freedom. The complete 
boundary state for both the NS-NS and R-R sectors is given by: 

\B,rj)R^MS = \B,nat,v)\Bg,rj) (5.26) 

where 

\Brnat) = \Bx)\B^,V) ^ \Bg) ^ \Bgh)\B,gh, 7]) (5.27) 

The matter part of the boundary state consists of the bosonic component given in Eq. H5.11|l and 
of the fermionic one given in Ea. (|5.22|l for the NS-NS sector and in Ea. H5.23|l for the R-R sector. 
The ghost part \Bg) contains the boundary state corresponding to the ghosts (b, c) and the one 
corresponding to the superghosts (/3,7). BRST invariance requires that the total boundary state 
satisfies the equation 

iQ + Q)\B,r^) ^0 , (5.28) 

where the BRST charge has been given in Eq.s H2.70|l - H2.75|l . With some algebra one can show 
that the ghosts and superghosts boundary states satisfying Ea. H5.28() are 



* The unusual phases introduced in Eq.s 15.2211 and 15.231 will turn out to be convenient to study the 
couplings of the massless closed string states with a D-brane and to find the correspondence with the 
classical D-brane solutions obtained from supergravity. Note that these phases are instead irrelevant 
when one computes the interactions between two D-branes. 
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where \q = 1) is the state that is annihilated by the following oscillators 

c„|g=l)=0 Vn>l; ; 6„|g=l)=0 Vm > . 

and 



exp 



|^sgh,f?)NS 

in the NS sector in the picture (—1,-1) and 



t=l/2 



IP 



\Bsgh,r])R = exp 



-1>|P: 



(0) 



-1) 



|Bsgh,?7)R 



(5.30) 
(5.31) 

(5.32) 



in the R sector in the (—1/2, —3/2) picture. The superscript '^"^ denotes the zero-mode contribution 
that, if \P — —1/2) \P = —3/2) denotes the superghost vacuum that is annihilated by /3o and 70, 
and is given by .11 



|P.gh,^)f =exp 



\P- 



-l/2)|P = -3/2) . 



(5.33) 



We would like to stress that the boundary states |i?)NS,R are written in a definite picture {P,P) 
of the superghost system, where P is given in Ea. H2.83|l and P = — 2 — P in order to soak up 
the anomaly in the superghost number. In particular we have chosen P = — 1 in the NS sector 
and P = —1/2 in the R sector, even if other choices would have been in principle possible |11| . 
Since P is half- integer in the R sector, the boundary state |P)r, has always P ^ P, and thus it 
can couple only to R-R states in the asymmetric picture (P, P). Notice that, as we have seen in 
section|21the massless R-R states in the (-1/2,-3/2) picture contain a part that is proportional 
to the R-R potentials |12l C] , as opposed to the standard massless R-R states in the symmetric 
picture (—1/2,-1/2) that are always proportional to the R-R field strengths. This implies that 
the coupling of the boundary state with the R-R fields is expressed in terms of the potentials. 

The boundary state in Ea. H5.26|l depends on the value of rj. Actually the GSO projection 
selects a specific combination of the two values of 77 = ±1. In the NS-NS sector the GSO projected 
boundary state is 

_ 1 + (_1)F+G i + (_i)?+G 



ip)ns = — — ip,+)ns , 

where F and G are the fermion and superghost number operators 

00 00 

P = ^ 1p-m • V'm - 1 , G = - ^ (7-m/3m + P-mlm) 
m=l/2 m=l/2 



(5.34) 



(5.35) 



Their action on the boundary state corresponding to the fermionic coordinate ip and to the su- 
perghosts can easily be computed and one gets: 



i-lf\B^,7^) = -\B^„-v) 



(-1)^15^,7?) =-15^,-7?) 



{-lf\Bsgh,v)^\Bsgh,~v) ; {~lf\B,gh,v)^\Bsgh,-v) 
Using the previous expressions after some simple algebra we get 



P)ns = li \B 



;ns 



IP, 



;ns 



(5.36) 
(5.37) 

(5.38) 



Passing to the R-R sector the GSO projected boundary state is 
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l + /l)P(_l)F+G l_(_l)F+G 

\B)k^ 2 2 1^'+^^ • (^-^^^ 

where p is even for Type IIA and odd for Type IIB, and 

(-1)^ = Vll(-l)-=i , G = -7o/3o - Yl b-mPm + P-mlm] ■ (5.40) 

m— 1 

From the previous expressions it is easy to see after some calculation that the action of the fermion 
number operators is given by: 

{-lf\B^,rj) = {-ir\B^,-il) ; {-lf\B^,rj) = \B^,-v) (5.41) 

and _ 

{-lf\B,gh,v) = \Bsgh,-v) ; {-lf\B,gh,v) = -\Bsgh,-v) (5.42) 

Using the previous expressions after some straightforward manipulations, one gets 

\BU=l{\B,+)n+\B,-U) . (5.43) 

6 Interaction Between Dp branes 

In this section we study the static interaction between two Dp branes located at a distance y 
from each other. Then we will generalize it to the interaction between a Dp and a Dp' brane, with 
A'' A'' = min{p, p'} + l directions common to the brane world- volumes, DD = minjd— 1, d— p'— 1} 
directions transverse to both, and u = {d — NN — DD) directions of mixed type. We will not 
consider instantonic D- branes, hence also NN > 1. The two D-branes simply interact via tree- 
level exchange of closed strings with propagator 



d^zz''°-''z'^°-°' (6.1) 

where a = 1/2 (0) in the NS-NS (R-R) sector. Introducing the two boundary states \Bi) and I-B2) 
describing the two D-branes, the static amplitude is given by 



A = {B,\Dm = ^^ [ ^AA^'^ , (6.2) 
4 47r ii^i^i \z\^ 



where we have indicated with A and A^^^ respectively the non zero mode and the zero mode 
contribution in which the previous amplitude can be factorized. Starting from the non-zero modes 
we have to evaluate amplitudes of the form 

(0|(0| II (e-^"--^-"-) n (^g-ia_„.S.a_„^ |o^|5^ ^ 

m=l n=l 

with 

CSO CSO 

Na = ^ a-n - ] = ^ OL-n ' OLn , (6.3) 

n=l n=l 

for the bosonic degrees of freedom and 

oo ^ ^ ^ 

(0|(0| JJ (e'"!^*-^-^*) ^N^^N^ jj J^g-ir,2^-,-s.V-t^ |0)|o) 
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with 



(6.4) 



for the fermionic ones, where t>l/2 (1) in the NS-NS (R-R) sector. Using that 

and z^-e^-^z-^" = e"-'" Vn 7^ . (6.5) 



and analogous expressions involving fermionic operators, one can explicitly evaluate the contrac- 
tions among the oscillators getting the following contributions (for d = 10) 



bosons - 

fermions — > II + ViV^q^'''^^)^ ■ 

n=l 

with q = \z\ = e~'^*. Introducing the functions fi defined as 

00 00 

n— 1 n— 1 

00 00 

71—1 n—1 

which under the modular transformation t 1/t transform as 

/i(e^T)^ VZ/,(e-*) ; f,(e-f)=f,{e--*) ; h{e'^') ^ hie-f) 
the GSO projected NS-NS amplitude turns out to be 

1 



A 



•NS-NS — 



8 / r \ S 

h 



while in the R-R sector, before the GSO projection, we get 



-4r_r(77i,772) 



(6.6) 
(6.7) 

(6.8) 
(6.9) 

(6.10) 
(6.11) 

(6.12) 



Let us discuss now the zero modes contribution. In the NS-NS sector there are zero modes only 
in the bosonic sector and they contribute as follows: 



(p = 0|<5'^-(g,0|z|^^'<5'^-(ft - y^)\p = 0) = Fp+i 



(27r)° 



where the normalization for the momentum has been chosen as 

{k\k') = 27r^(fc - k') , with {2t:Y5'^{Q) = Vd 
Performing the gaussian integral, Eq. H6.13|l becomes 



(6.13) 



(6.14) 



(6.15) 



Inserting it, together with Eq.s H6.11|l in Ea. l|6.2(l we get the total NS-NS contribution to the 
interaction between two Dp branes 
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NS-NS 



p+1 



dt 



-y^ l(2a'-Kt) 



. (9-p) 
t~3— 



(6.16) 



The evaluation ol the zero mode contribution in the R-R sector requires more care due to the 
presence of zero modes both in the fermionic matter fields and the bosonic superghosts. Inserting 
Eq. (|6.12() into Eq. H6.2|l we can write the total R-R contribution as 



^r-r(?71: '72) = Vp+1 (Stt a 



dt 



16 V/: 



(0), 
R ^ 



where 



Notice that in Eq. (|6.17() it is essential not to separate the matter and the superghost zero-modes. 
In fact, a naive evaluation of ^^\b^ ,r]i\B'^ , ri2)^'^ would lead to a divergent or ill defined result: after 
expanding the exponentials in r ''(Sgo^jj, 771 |_Bggj^, 772)^^ all the infinite terms with any superghost 
number contribute, and yield the divergent sum l-f 1 -I- 1 -I- ... if 771772 = —1, or the alternating sum 
1 — 1 -|- 1 — ... if 771772 = 1. This problem has been addressed in Ref. ITTI and solved by introducing 
a regularization scheme for the pure Neumann case {NN = 10). This method has then been 
extended to the most general case with D-branes in Ref. j7j. Here, we give the final result for the 
fermionic zero mode part of the R-R sector: 



\(0) 



\(0) 



(6.17) 
(6.18) 



which generalizes to the case of 7^ as follows 

'^\B^,rii\B^,r]2)["^ = -16 (5,.,o ^r,i 772,1 + l6 5^^sSr,iri2~i 
Then we get the following expression for the R-R contribution 

1 



^R-R = Vp+i{8T:'a') 



dtl] 



-yV(2™'t) i 

2 



(6.19) 



(6.20) 



(6.21) 



Finally the previous amplitudes can be generalized to the interaction between a Dp and a Dp' 
brane as follows (details on this generalization can be found in Ref. fTj) 



A 



NS-NS 



Vnn 
1 



2 t\-- 
TT a ) 

73 
/l 



dt ( - 



e 

8-1/ 



-yV(2a'^t) 



for the NS-NS sector and 

^R-R = VNNiSTT^a')- 



dt 



-yV(2^Q't) 



(6.22) 



(6.23) 



for the R-R sector, where Vnn is the common world-volume of the two D-branes. 
Due to the "abstruse identity" , the total D-brane amplitude 

A = Ans-ns + ^R-R 



(6.24) 
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vanishes if v = 0, 4, 8; these are precisely the configurations of two D-branes which break half of 
the supersymmetries of the Type II theory and satisfy the BPS no-force condition. 

As we said before, open/closed string duality allows to evaluate the interaction between Dp 
branes either in the closed, as we have done before, or in the open channel. The expressions are 
of course equal, as one can check performing the modular transformation t t — j which brings 
from one channel to the other. In this duality it is particulary interesting to understand the spin 
structure correspondence between the two computations. Indeed for each spin structure of, for 
instance, the open string channel one can find a correspondent spin structure in the closed string 
one that gives exactly the same contribution to the free energy. In the open string language the 
free energy corresponding to the various spin structures is given by: 

(6.25) 

where a = l/2(a = 0) in the NS(R) sector, the index i runs over the four open string spin 
structures: 

NS,NS{~lf,R,R{-lf (6.26) 

and the factor (—1)^ comes from the open string GSO projectors defined in Eq.s p. 4211 and (|2.43|l 
for the R and NS sectors respectively, which must be inserted in the trace in Ea. ()6.25|l . On the 
other hand the various spin structures in the closed string channel are given by: 

= {B, Tj\D\B, v')ns^nsm-r (6.27) 

where rj, rj' — ±1. 

By explicit calculation one gets the contribution of the four spin structures in the open string 
channel to be given by: 





g-27rT(Lo-a) 


Jo -r 





(6.28) 

Jo r'"«L« J - (87rW)^^/2 X [u{k)) l/iWj ^ ' 

(6.30) 



OO 



where 



k = e-""^ (6.32) 
On the other hand in the closed channel we get 



/R T,lnlR T,\ _ VnN f°°dt-^_jjjjf2„-b^/(27Ta't)f fii<l) \ f /3(g) ') oq^ 

{BAD\B,,),s-NS-j^^^j^^,J^ jt e (^-^j (^-^j (6.33) 



^.l-DD/2-b^/{2rra't) ( h{q) Y ( fi{q) V 



iBMD\B,-,),s-NS-j^^^j^^l jt . ^^^^^^j ^^^^^^^ 



(6.34) 
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By introducing the variable i = l/r and using the transformations properties of the functions 
/i, it is easy to show that Eq.s (|6.28() - (|6.31() are respectively equal to Eq.s (|6.33() - (|6.36() and 
specifically the various spin structures in the open and in the closed string channel are related as 
follows 

{B,T^\D\B,Tf)Ms-NS= / — Trjvs [e-"'^"^"] (6.37) 
Jo 

{B,^^\D\B,-r|)NS-NS^ / — Tr^ [e-^-^-o] (g.SS) 

{B,rj\D\B,ii)u-R= — Trjvs[e-''^^^°(-l)^] (6.39) 
Jo 

f°° rl-r 

{B,rj\D\B,-fj)R^n = - —Trn[e-'^^'^'H~lf] (6.40) 
Jo ^ 

The GSO projection in the closed string channel is performed by taking the following combi- 
nation: 

\B)ns~ns = 2 +)ns-ns - \B, -)ns-ns\ (6.41) 



in the NS-NS sector and by 



\B)r-b. = \ [\B, +)b,-r + \B, (6.42) 



in the R-R sector. Using the previous Eq.s one can easily show that the following identities are 
satisfied 



NS-NS 



1 fin- 

[B\D\B)ms-ns ^t; — [Ttns [fi-^'^^^"] - Ttr [e-^^^^"] } (6.43) 



and 



1 rl-T 

n-R{B\D\B)n-R = ^ / — {Ttns [e''-^^"{-lf] - Ttr [e-'^^^^i-lf]} (6.44) 
^ Jo 



7 Classical Solutions and Born-Infeld Action Prom Boundary State 

In this section we want to use the boundary state introduced in Sect. I^l and describing Dp branes 
in string theory in order to obtain the classical solutions of the low-energy string effective action 
discussed in Sect. Q. In particular we will show that the large distance behavior of the graviton, 
dilaton and R-R p + 1-form fields that one obtains from the boundary state exactly agrees with 
that obtained from the classical solution in sect.|3| Afterwards we will use the boundary state for 
computing the one-point couplings of the Dp branes with the massless closed string states and 
show that they agree with those obtained from the Born-Infeld action. 

To understand how to use the boundary state in order to determine the long distance behavior 
of the classical massless fields generated by a Dp brane, we compare the boundary state description 
of the interaction between two Dp branes with its field theory counterpart. In the boundary state 
language two Dp branes interact via the exchange of a closed string propagator as {Bi\D\B2) 
where D is the closed string propagator which propagates all the closed string states. But, if the 
distance between the two branes is big enough, the dominant contribution to this interaction comes 
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from the exchange of the massless closed string states. Thus at large distance we can factorize the 
previous amplitude as follows 

{B^\D\B2) ^ J2^Bi\P^){P^\D\B2) (7.1) 
If 

where Pip runs only over the projectors of the closed superstring massless states. 

In the field theory language the interaction between two branes can be expressed as the coupling 
of the field generated by one brane with the corresponding current generated by the other brane 
or equivalently as the coupling of two current terms, one for each brane, through the appropriate 
propagator, summed over all the states W propagating between them: 

-Y. I 4-D^-4 (7.2) 

If If 

where <l>fp = J Dq, ■ J| is the field corresponding to the state ^ and generated by the brane 2, D^, 
is its propagator and J^, is the current of the brane 1 which is coupled to the field . In the field 
theory language {B^\Pq,) gives exactly the currents J^, as we will discuss later. Thus comparing 
Eq. H7.1|l with Eq. H7.2|l we deduce that the long distance behavior of the classical massless fields 
generated by a Dp brane, that we have called <^^^ can be determined by computing the projection 
of the boundary state along the various fields ^ after having inserted a closed string propagator 
as 

$^^{P^\D\B) (7.3) 

Let us apply this procedure for computing the expression for the generic NS-NS massless field 
which is given by 

J^'^ ^ _i(0|_i(0|^r/2 ^^,/.2\D\B)ns - ^^Vp+^S'^^ (7.4) 

Specifying the different polarizations corresponding to the various fields (see Refs. ^1 for 
details) we get 



_ _ d-2p-A Vp+i 



for the dilaton, 



= V2iiJ^<liag{-A,A...A,B...B) , (7.6) 
for the graviton, where A and B are given in Eq. (|3.17|) and 



V2 

for the antisymmetric tensor. In the R-R sector we get instead 



(56^, (fc) - 4s ( Jp, -J.A^Q (7.7) 



5Coi...p(fc)^ (Po'i%|I?|S)R-TMp%i • (7 



Expressing the previous fields in configuration space using the following Fourier transform valid 
for p < d — i 

rf(.+i),rf(.-P-i),^ ^ ^ , (7.9) 

(d - p - 3) r'* P f2d-p-2 fcl 
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remembering the expression Qp defined in Ea. H3.24|l and rescaling the fields according to 

(/) ^ V2Kip , hf^^ = 2Kh^^ , C01...P = V2kCoi...p , (7-10) 
we get the following large distance behavior 

S<Pir)^ ^7^^-^ (7.11) 

for the dilaton, 

5K.{r) = dis.g{- A,... A, B...B) , (7.12) 

for the graviton and 

<5Coi...p(r) = T^i%3 (7.13) 



r 



for the R-R form potential. 

The previous equations reproduce exactly the behavior for r — > c» of the metric in Eq. H3.15|l 
and of the R-R potential given in Ea. H3.16() . In fact at large distance their fluctuations around 
the background values are exactly equal to 6h^i, and dCoi,,,p. In the case of the dilaton, in order 
to find agreement between the boundary state and the classical solution, we have to take d = 10, 
consistently with the fact that this is the critical dimension for superstrings. 

Let us now discuss how to derive the Born-Infeld action, which describes the low-energy dy- 
namics of a Dp brane from the boundary state. First we evaluate the couplings of a Dp brane 
with the closed string massless states showing that the structure of those couplings is the same as 
that obtained from the Born-Infeld action and actually the comparison with what comes from the 
Born-Infeld action allows us to fix the brane tension and charge in terms of the string parameters 
a' and gg. 

The coupling of a Dp brane with a specific massless field can be computed by saturating 
the boundary state with the corresponding field {{<F\ can be {'l'h\, {'^bI, {'^^pl corresponding 
respectively to the graviton, antisymmetric tensor and dilaton or (C(„) | corresponding to a R-R 
state). By proceeding in this way we get the following couplings: 

^ 271 " ^'^^'^ " ''"^'"^ ^ " 271 ±i^p:A ^ ■ (7.14) 

for the dilaton, 

% = J^" h^., = -Vp+i Tp r)''%o. (7.15) 

for the graviton. 



1 

for the NS-NS 2-form potential and 



Tb = —J'"'B^,^0 (7.16) 



r^^ ^ (An)|s)H - -^^Tf^yi^^'+i Y^Tr (r''"-A'iro ...r") (7.17) 

for the R-R states. Computing the trace one gets 

where we have used the fact that for d = 10 the F matrices are 32 x 32 dimensional matrices, 
and thus Tr{ 1) = 32. Here e"o - "p indicates the completely antisymmetric tensor on the D brane 
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world- volume ^. It can be checked that the previous couplings can be obtained by extracting the 
terms linear in the massless closed string states from the following action: 



Sdbi = -Tp J dP+'^ ^-^v{^-p)/(2V2) ^ _ + ^^B^pe)—^/^] +iJipj^ Cp+i . (7.19) 



provided that the brane tension and charge are given by 

7U 



(7.20) 



where Tp is given in Ea. (|5.12|l for d = 10. 

In the previous action the closed string fields are canonically normalized while in the super- 
gravity actions in Eq.s H^H|I and 1)3. 4|l they are not. In order to have in the Born-Infeld action 
the massless closed string fields normalized as in Eq.s (|3.1(l and 1)3. 4|l we need to introduce the 
following fields: 

V2Kip = <j) , V2kC = C , V2kB = B (7.21) 
In terms of these new fields the Born-Infeld action becomes: 



Sbi = -Tp I dP+^x e-^^-p)^/^ x ^- det [G„^ + e-^/^ [B^p + 2^a'F^p)\ + 

^C„e(2^"'^+^) (7.22) 



p+i n 

which has been generalized in order to include also the brane coupling with open string fields. 
Actually the dependence of the Born-Infeld action on the open string fields can be explicitly ob- 
tained by constructing the boundary state having a gauge field on it and repeating the calculation 
just done (see Refs. jJlEI for details). It is important at this point to stress that the Born-Infeld 
action in Eq. (|7.22|l contains two kinds of very different fields. The first ones are the massless 
closed string excitations of the NS-NS and R-R sectors that live in the entire ten-dimensional 
space and that enter in the Born-Infeld action through their pullback into the world-volume of 
the Dp brane defined by 

Go,p = G^,,^o,x^'^px'' , B^p = B^,do,xPdpx'' (7.23) 

with a similar expression for the R-R fields. The second ones are instead the fields corresponding 
to the massless open-string states discussed at the end of Sect.01 that live on the world- volume of 
the brane and that are the gauge field with field strength Faj3 and the Higgs fields ^* related to 
the transverse brane coordinates by the relation = 2Tia'<P^ . They play the role of longitudinal 
and transverse coordinates of the brane. This is consistent with the fact that the dynamics of the 
brane is determined by the open strings having their end-points on the brane. In the case of a 
system of N coincident branes the Born-Infeld action gets modified by the fact that the coordinates 
of the branes become non-abelian fields. The complete expression of the non-abelian Born-Infeld 
action is not known. But for our purpose it is sufficient to consider the non-abelian extension 
given in Ref. [14| where the symmetrized trace is introduced. Moreover it can be shown that a 
system of N coincident Dp branes is a BPS state preserving 1/2 supersymmetry (corresponding 
to 16 preserved supersymmetries) and as a consequence they are not interacting. This can be 
easily seen by plugging the classical solution given in Eq.s H3.15|l and 1)3.16(1 with d = 10 in the 
Born-Infeld action in Eq. (|7.22|l obtaining the interaction term of the Lagrangian. In fact if we do 
that neglecting the coordinates of the brane we get 

^ Our convention is that e" "'' = — eo...p ~ 1. 
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TpJ df+ix ^ 1 - l| ^-T^y dP+'x (7.24) 

that is independent on the distance r between the brane probe described by the Born-Infcld action 
and the system of N coincident branes described by the classical solution. 

A system of N Dp branes has a U{N) gauge theory living on its world- volume with 16 super- 
symmetries corresponding, in the case of p = 3, to A/" = 4 super Yang-Mills in four dimensions 
that is a conformal invariant theory with vanishing /3-function. Its Lagrangian can be obtained by 
expanding the first term of the Born-Infeld action up to the quadratic order in the gauge fields 
living on the brane. Neglecting the term independent from the gauge fields that we have already 
computed in Ea. H7.24|l we get the following Lagrangian: 



9ym 



(7.25) 



where the gauge coupling constant is indeed a constant given by: 



" T,{2^a'Y " (2W)2 ^^-^^^ 

where the extra factor 2 in the second term comes from the fact that we have normalized the 
generators of the SU{N) gauge group according to Eq. H2.98|l . 

In particular for p = 3 we get gyM — '^'^9s- The action in Ea. H7.25|) corresponds to the 
dimensional reduction of the J\f = 1 super Yang-Mills in ten dimensions to (p + 1) dimensions. 

The previous considerations imply that the low-energy dynamics of branes can be used to 
determine the properties of gauge theories and viceversa. 



8 Non conformal Branes 

8.1 Generalities and general formulae 

In the previous sections we have seen that a D brane has the twofold property of being a solution 
of the low-energy string effective action and of having a gauge theory living on its world-volume. 
These complementary descriptions of a D brane open the way to study the quantum properties 
of the world-volume gauge theory from the classical dynamics of the brane and viceversa. This 
goes under the name of gauge/gravity correspondence. At the end of the previous section we have 
already used this correspondence to derive the gauge coupling constant of the A/" = 4 super Yang- 
Mills from the supergravity solution. In particular, we have seen that the gauge coupling constant 
is not running consistently with the fact that the A/" = 4 world-volume theory is a conformal 
invariant theory. In this section we want to extend these results to more realistic theories that are 
less supersymmetric and non conformal. Two kinds of branes have been used to study those gauge 
theories, namely fractional branes of some simple orbifold and branes wrapped on some nontrivial 
two-cycle of a Calabi-Yau space. As we have done for the D branes previously discussed, we will 
first construct the classical solution corresponding to a system of fractional and wrapped D branes 
and then insert it in the expressions for the gauge coupling constant and the vacuum angle 0ym 
of the gauge theory living on their world- volume, expressed in terms of the supergravity fields. 

It may at first sight look puzzling that the supergravity solution involving the massless closed 
string fields can provide perturbative information on the gauge theory living in the world-volume 
of a D brane. In fact, by computing for instance the one-loop annulus diagram in the full string 
theory we expect that the perturbative information on the gauge theory living on a D brane be 
given by the contribution of the massless open string states that is in general totally different from 
that of the massless closed string fields. It turns out, however, as shown explicitly in Ref. for 
the case of fractional branes, that in certain cases the contribution of the massless open string 
states to the annulus diagram transform under open/closed string duality exactly into that of the 
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massless closed string states without any mixing with the massive states. This procedure shows 
that in the case of fractional branes the gauge/gravity correspondence follows from open/closed 
string duality. 

Let us now briefly illustrate how to derive these gauge-gravity relations for the gauge theory 
living on fractional D3 and wrapped D5 branes using supergravity calculations. Since also the 
fractional D3 branes are D5 branes wrapped on a vanishing two-cycle corresponding to a fixed 
point of an orbifold we can start from the Born-Infeld action of a D5 brane that in the string 
frame is given by: 

S = -T5 f d6^e-(*-*«V- det(Gafe + B^b + ^Tza'Fab) , n ^/ (8.27) 

J gsVa (27rva ) 

We divide the 6-dimensional world-volume into four flat directions on which the gauge theory 
lives and 2 directions on which the brane is wrapped. Let us denote them with the indices a, 6 = 
(a, /?; A, B) where a and (3 denote the flat four-dimensional ones, while A and B the wrapped ones. 
Let us assume that the determinant in Eq. (|8.27l) factorizes into a product of two determinants; 
one corresponding to the four-dimensional flat directions where the gauge theory lives and the 
other corresponding to the wrapped ones where we only have the metric and the NS-NS two-form 
field. By expanding the first determinant and keeping only the quadratic term in the gauge field 
we obtain: 



- r5 • j d'^^e-'^^-M ^„ det Gc.fBG'^^G^^ Fo^pF^s y/det [Gab + Bab) (8.28) 

We assume that along the fiat four-dimensional directions the metric has only the warp factor, 
while along the wrapped ones, in addition to the warp factor, there is also a nontrivial metric. 
This means that the longitudinal part of the metric can be written as 

ds^ = H-'/^dxl, + dsl) , e^4'-4'o) ^ H-i/2 (§ 29) 

where we have also written the dilaton dependence on the warp factor. Inserting this metric in 
Eq. H8.28|l we see that the warp factor cancels in the Yang-Mills action and from it wc can then 
extract the gauge couphng constant as the coefficient of — \F^„F^^'^: 

^^^(27mr j d2^e-(*-*«Vdet [Gab + Bab) (8.30) 



This formula is valid for both wrapped and fractional branes of the orbifold G"^ /Z2 and can be 
rewritten as: 

47r _ 1 
9ym ~ <?s(27r\/a^)2 

The 9 angle in the case of both fractional D3 branes and wrapped D5 branes can be obtained 
extracting the coefficient of -^^F^yF^^'^ from the Wess-Zumino-Witten part of the Born-Infeld 
action and is given by: 



. j d^^e-^^-M ^det {Gab + Bab) (8.31) 



Oym = T5(2™')'(2^)' / iC2 + G0B2) = -^-j- [ {G2 + GoB, 
Jc2 2na'gs Jc^ 



) (8.32) 



In the following subsections we will consider solutions of the classical equations of ten- 
dimensional IIB supergravity and we will insert them in the previously derived expressions for 
the gauge couplings obtaining perturbative and non-perturbative information on the gauge theory 
living on the world- volume of these branes. 
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8.2 Fractional branes 

In this subsection we will consider fractional D3 and D7 branes of the orbifolds C'^ /Z2 and / {Z2 x 
Z2) in order to study the properties of respectively Af ^ 2 and J\f = 1 supersymmetric gauge 
theories. We group the coordinates of the directions x^, . . .x^ transverse to the world- volume of 
the D3 brane where the gauge theory lives, into three complex quantities: 

zi — x'^ + ix^ , Z2 — x^ + ix'^ , 23 = a;* + ix^ (8.33) 

In the case of the first orbifold the nontrivial generator h of Z2 acts as 

Z2 -> -Z2 , Z3 -> -Z3 (8.34) 

while in the case of the second orbifold the three nontrivial generators act as follows on the 
transverse coordinates: 

hi = h X 1 ^ Z\—tZ\,Z2-^ —22, zj, — > — Z3 

h2 = I X h=> zi—f -zi , Z2 Z2, Z3 -Z3 (8.35) 
hs = h X h => zi —f -zi , Z2 -Z2, Z3 Z3 

They are both non compact orbifolds with respectively one and three fixed points at the origin 
corresponding to the point Z2, 23 = and to the three points zi, Z2 = 0, zi, Z3 = and Z2, z^ = 0. 
Each fixed point corresponds to a vanishing 2-cycle. Fractional D3 branes are D5 branes wrapped 
on the vanishing two-cycle and therefore are, unlike bulk branes, stuck at the orbifold fixed point. 
By considering N fractional D3 and M (2M) fractional D7 branes of the orbifold C^/Z2 (C3/(^2 x 
Z2)) we are able to study Af = 2 (A/" = 1) super QCD with M hypermultiplets. In order to do that 
we need to determine the classical solution corresponding to the previous brane configuration. For 
the case of the orbifold C'^/Z2 the complete classical solution has been found in Ref. |ll6j ^. In the 
following we write it explicitly for a system of N fractional D3 branes with world-volume along 
the directions x'^,x^,x'^, and x^ and M D7 fractional branes containing the D3 branes in their 
world-volume and having the remaining four world-volume directions along the orbifolded ones. 
The metric, the 5- form field strength, the axion and the dilaton are given by ^: 

ds^ = H-^/^ ria/3 dx^'dxP + (-5^^ dx'^dx'^ + e-'^S^jdx'dx^) , (8.36) 

Ff^^-j ^ d{H-^dx" A...Adx^) +*d{H-^dx" A...Adx^) , (8.37) 

r = Co + ^e-^ = ^ " ^ ^) , z = x^ + ix^ ^ pe"^ (8.38) 

where the warp factor _ff is a function of all coordinates that are transverse to the D3 brane 
{x'^, . . .x^). The twisted fields are instead given by B2 — uj2b, C2 — (^2C where UJ2 is the volume 
form corresponding to the vanishing 2-cycle and 

c + Cab^ -2T:a'9gsi2N - M) (8.39) 

It can be seen that the previous solution has a naked singularity of the repulson type at short 
distances. But, on the other hand, if we probe it with a brane probe approaching the stack of 
branes corresponding to the classical solution from infinity, it can also be seen that the tension of 
the probe vanishes at a certain distance from the stack of branes that is larger than that of the 

^ See also Refs. [TTl ESI [Bl HOI HI] and Ref. for a review on fractional branes. 
We denote with a and (3 the four directions corresponding to the world-volume of the fractional D3 
brane, with H and m those along the four orbifolded directions x^^x' and and with i and j the 
directions and that are transverse to both the D3 and the D7 branes. 
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naked singularity. The point where the probe brane becomes tensionless is called in the literature 
enhangon |23| and at this point the classical solution cannot be used anymore to describe the stack 
of fractional branes. 

Now let us exploit the gauge/gravity correspondence to determine the coupling constants of 
the world- volume theory from the supergravity solution. In the case of fractional D3 branes of the 
orbifold C"^ /Z2 having only one single vanishing two cycle Ea. (|8.31|) becomes: 

^ = / e'^B, . ' I e-^B. (8.40) 

Inserting in Eq.s H8.40|) and H8.32|l the classical solution we get the following expression for the 
gauge coupling constant and the B angle J3 ■ 

-j--^+ ^^~/^ log^ ' ^yA/ = -e(2iV-M) (8.41) 

In the case of an A/" = 2 supersymmetric theory there is also a complex scalar field in the gauge 
multiplet that we expect to find when deriving the Yang-Mills action from the Born-Infeld one. 
In fact in this derivation we get a contribution from the kinetic term of the brane coordinates 
and that are transverse to the ones on which the branes live and to the orbifolded ones. This 
implies that the complex scalar field of the gauge supermultiplet is related to the coordinate z of 
supergravity through the following gauge-gravity relation ^ ~ . This is a relation between a 
quantity of the gauge theory living on the fractional D3 branes and the coordinate z of supergravity. 
Such an identification allows one to obtain the gauge theory anomalies from the supergravity 
background. In fact, since we know how the anomalous scale and C/(l) transformations act on ^ ^ 
from the previous gauge-gravity relation we can deduce how they act on z, namely 

xl, ^ se2*"!f z se^'-'^z =^ p ^ sp , 6 6 + 2a (8.42) 



Those transformations do not leave invariant the supergravity background in Eq.s (|8.39() and when 
we plug it in Eq.s (|8.40|) and l|8.32|l . they generate the anomalies of the gauge theory living on the 
fractional D3 branes. In fact acting with those transformations on Eq.s (|8.41|l we get: 

1 1 2A^-M , , , , 

> ^+ „ 2 iQg^ ' Oym^0ym-M'2N-M) (8.43) 

9ym 9ym 

The first equation implies that the /3-function oi J\f — 2 super QCD with AI hypermultiplets is 
given by: 

Pi9YM) = -^^J^9ym (8.44) 

while the second one reproduces the chiral U{1) anomaly |^ In particular, if we choose 
a — 2(2jv-j\/) ' then 9ym is shifted by a multiple of 2tt. But since 9ym is periodic of 27r, this 
means that the subgroup ^2(2Ar-M) is not anomalous in perfect agreement with gauge theory 
results. 

From Eq.s H8.41() it is easy to compute the combination: 

9ym 47r 2N — Ai z ^hon M\n 

TYM^-^+i^^i— log— , pe = ee-/^''^-*'^^^ (8.45) 

27r gfj^^ 27r pe 

where is called in the literature the enhangon radius and corresponds in the gauge theory to 
the dimensional scale A generated by dimensional transmutation. Eq. (|8.45|) reproduces the per- 
turbative moduli space of A/" = 2 super QCD, but not the instanton corrections. This corresponds 
to the fact that the classical solution is reliable for large distances in supergravity corresponding 
to short distances in the gauge theory, while it cannot be used below the enhangon radius where 
non-perturbative physics is expected to show up. 
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Indeed in that corner of the moduh space the effective theory will receive instanton corrections 
proportional to powers of the one-instanton action 



exp 



+ iOym J = exp {2iTiTYM) = j ■ (^-^^^ 



Thus the instantonic contributions become quite suddenly important near the enhangon radius 
1 2; I = pe- This means that in order to study non-perturbative effects in the gauge theory we need 
to find a classical solution free from enhangons and naked singularities. In the next section we will 
see that this can be done for A/" = 1 super Yang-Mills that lives in the world- volume of a wrapped 
D5 brane described by the Maldacena-Nunez solution. Before passing to this solution let us first 
extend the previous results to A/" = 1 super QCD that can be obtained as a particular case of the 
general one studied in Ref. [2^1 ■ In this case only the asymptotic behavior for large distances of 
the classical solution has been explicitly obtained and this is sufficient for computing the gauge 
coupling constant and the 9 angle of A/" = 1 super QCD. As explained in Ref. [201, together with 

fractional D3 branes of the same type, one must also consider two kinds of M fractional D7 
branes in order to avoid gauge anomalies 

In the case of the orbifold C^/{Z2 x Z2) the gauge couphng constant is related to the super- 
gravity solution as follows: 



1 {2na'y 
^ ■^s -, 



9ym 



3 

4=1 -^^2 



.47) 



while the 9ym is given by: 



9ym = T5^^^(27r)2 y I (C2 + C0B2) (8.48) 



=1 



(0 



Notice that Eq.s (|FT7|l and differ respectively from Eq.s (|On|) and by a factor 

1/2 in the normalization. This is due to the fact that the projector of this orbifold - which is 
p ^ i+/ii+/i2+/»3 _ has an additional factor 1/2 with respect to the one of the orbifold C2/Z2 
(which is P = "3^). Using the explicit supergravity solution one gets the following expressions for 
the gauge coupling constant and the 9 angle { Zi = Pie^^^) (25. .,27, 2,6 : 

3 \ 3 

A^^log— - Mlog— , 9ym = -Ny9i + M9i (8.49) 



9ym 




i=l / i=l 



As explained in Ref. 123 the anomalous scale and U{1) transformations act on Zi as Zi 
gQt2a/3^._ This implies that the gauge parameters are transformed as follows: 

1 1 3A^-M f M\ , , 

* ^— + ^ 2 log« ' ^9YM-'2a[N^—] 8.50 

9ym 9ym 87r^ \ 2, J 

that reproduce the anomalies of A/" = 1 super QCD. The difference between the anomalies in 
the TV = 2 fEa. (|8.43|) ') and TV = 1 fEa. l|8.50|) ) super QCD can be easily understood in terms 
of the different structure of the two orbifolds considered. If we consider the two gauge coupling 
constants there is a factor | between the contributions coming from the pure gauge part, while 
the contribution of the matter is the same. The factor 3 follows from the fact that the orbifold 
/{Z2 X Z2) has three vanishing two-cycles instead of just one, while the factor i from the 
additional factor i in the orbifold projection for the orbifold C'^ /{Z2 x Z2) with respect to the 
orbifold C"^ /Z2. This explains the factor | in the gauge field contribution to the /3-function. The 
matter part is the same because in the orbifold C"^ /Z2 we have only one kind of fractional branes, 
while in the other orbifold, in order to cancel the gauge anomaly |^, we need two kinds of 
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fractional branes. This factor 2 cancels the factor i coming from the orbifold projection. Similar 
considerations can also be used to relate the two chiral anomalies. 

In conclusion, by using the fractional branes we have reproduced the one-loop perturbative 
behavior of both Af — I and M = 2 super QCD, but, because of the enhangon and naked singu- 
larities, we are not able to enter the non-perturbative region in the gauge theory corresponding 
to short distances in supergravity. In order to do this we must find a classical solution free of 
singularities. That is why in the next section we turn to wrapped branes. 

8.3 Wrapped branes and topological twist 

In this section we consider D5 branes wrapped on some nontrivial cycle of a Calabi-Yau space and 
by means of the topological twist we construct the Maldacena-Nuhez solution. The topological 
twist acts also on the gauge theory living on the world- volume of the wrapped branes by reducing, 
in the case of the Maldacena-Nunez solution, the original A/" = 4 to an A/" = 1 supersymmetry. We 
show that the gauge theory living on the world-volume of the branes described by the Maldacena- 
Nunez solution is A/" = 1 super Yang-Mills. 

If we consider a D5 brane wrapped on some nontrivial cycle of a Calabi-Yau space in general 
we break completely supersymmetry because the Killing spinor equation: 

DMe={dM+uJMy = Q (8.51) 

does not in general admit any non trivial solution. This means that it is not an easy task to find 
a classical solution corresponding to a wrapped D5 brane and preserving some supersymmetry 
starting directly from the action of 10-dimensional IIB supergravity. As suggested in Ref. |2H1 it 
is much more convenient to start from the action of the 7-dimensional gauged supergravity that 
corresponds to the 10-dimensional IIB supergravity on R^'^ x . In this way one has an action 
that also contains the gauge fields of 5*0(4), that is the isometry group of S*^, and the condition 
in Ea. l|8.51|l becomes: 

Dne = (9m + lom + Am)^ = (8.52) 

In this case it is not difficult to keep some supersymmetry with a constant spinor e by requiring 
an identification of the spin connection of the two-cycle S*^ around which we wrap the D5 brane 
with a subgroup U{1) of the gauge group 5*0(4). This identification is called the topological twist. 
In particular, if we write 50(4) — SU{2)li x 5C/(2)fl/, it is possible to see that one can preserve 
four supersymmetries corresponding to an M — 1 supersymmetric gauge theory if we identify the 
spin connection with a U{1) subgroup of 5L/(2)l'. 

The topological twist acts also on the gauge theory living in the world- volume of the wrapped 
brane reducing the states of A/" = 4 super Yang-Mills to those of a gauge theory with less supersym- 
metry. In particular, let us consider a D5 brane wrapped on 5^ that breaks the ten-dimensional 
Minkowski symmetry into: 

50(1, 9) ^ 50(1, 5) X 50(4)fl, = 50(1, 5) x SU{2)l' x SU{2)r, (8.53) 

According to this decomposition the vector and the four scalar fields corresponding to the trans- 
verse coordinates of the brane, transform as 

A^^(6;l,l) , ^>-.(1;2,2) (8.54) 

while the fermions transform as follows 

tf^^ (4+;2,l) + (4-;l,2) (8.55) 

where the index ± refers to the six-dimensional chirality. Remember that, because of the GSO 
projection, the spinor W has a definite (for instance negative) ten-dimensional chirality. This is 
consistent with the assignment in Ea. (|8.55|l because the state (2, 1)[(1,2)] has negative (positive) 
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four-dimensional chirality and the product of the four- and six-dimensional chirality is equal to 
the ten-dimensional one. When the brane is wrapped on there is a further breaking: 



80(1,9) ^ SU{2)l X SU{2)r x 50(2)52 x SU{2)l' x SUi2)w 
This means that the vector and scalar fields transform as follows: 

A^^(2,2;l;l,l) + (1,1;2;1,1) , <P ^ {1,1;1;2,2) 
and the fermions as follows 

W ^ (2, 1; +; 2, 1) + (1, 2; +; 1, 2) + (1, 2; -; 2, 1) + (2, 1; -; 1, 2) 



(8.56) 
(8.57) 
(8.58) 



where now ± is the chirality in the two-dimensional space spanned by S^. Notice that the product 
of the four- and of two-dimensional chirality gives the six-dimensional one. 

Let us consider the case in which one of the two SU(2) of the R-symmetry group is broken 
into SO{2) and then this 5*0(2) is identified with 50(2)^2. This means that: 



SUi2)L' X 5(7(2)^' ^ 50(2)i, x SUi2)R, 
that gives rise to the following decomposition: 

(2,2) ^(+,2) + (-,2) , (2,l)^(+,l) + (-,l) 



(8.59) 



.60) 



Since the massless states are singlets under the simultaneous action of 50(2)^/ and 50(2)52 it is 
easy to see that we are left only with the following states: 



(2,2;1;1,1) , (2,1;+;-,!) , (l,2;-;-f,l) 



.61) 



The first one corresponds to a four-dimensional gauge field, while the other two correspond to a 
Majorana spinor. This is the field content of A/" — 1 super Yang-Mills. 

The gauged supergravity action containing only the fields that are turned on is given in 
Eq.(2.33) of Ref. "27 and the classical solution is obtained by introducing in the equations of 
motion that follow from the gauged supergravity action, the following ansatz for the metric: 



.62) 



where dxi 3 is the Minkowski metric on IRi.s, r is the transverse coordinate to the domain-wall, 
and = d6^ + sin^ 9 dif^ (with < 9 < tt and < ^ < 27r) is the metric of a unit 2-sphere 



We also add the following ansatz for the gauge fields of SU{2)li: 

A^ = - — a(r)d9 , ^ — a(r) s\n9 dip , A^ = -— cos 9 dw 
2X ^ ' 2X ^ ' ^ 2\ ^ 



?.63) 



The functions a[r),f{r) and g(r) are determined by the classical equations of motion. Actually 
we have not turned on only a U{1) gauge field but all three gauge fields of SU{2)i^i in order to 
have a solution free from naked singularities at short distances. Having found a classical solution 
in 7-dimcnsional gauged supergravity one can use known formulas |30| that uplift it to a ten- 
dimensional solution of IIB supergravity. In this way one gets the following ten-dimensional (string 
frame) metric |28l 13 1| : 



ds 



10 



dxi 



J2h 



A2 



d9' 



sin 9 dip' 



e 

A2 



dp^ + ^ (d" - AA") 



.64) 



Notice that the factor of A ^ in 18.621 is necessary for dimensional reasons and it turns out to be equal 
to A"^ = Ng^a'. 
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a ten-dimensional dilaton 



2<f sinh 2p 



and the field strength corresponding to a R-R 2-form given by: 

3 

^^(3) = ^ (ai - \A^) A (a^ - \A^) A {a^ - XA") - i ^ i^- A a'' 



a=l 



where 



e'^^ = pcoth2p- - 



1 



sinh^ 2p 4 



" 2 
2p 



sinh 2p 

with p = Xr, h = g ~ f and fc = |/ + g. The left-invariant 1-forms of S''^ are 
1 1 



cos -0 df?' + sin 9' sin -0 < 



sin ?/' d^' — sin 9' cos V' < 



1 r 



c??A -I- cos 6*' ( 



with < 6*' < TT, < < 27r and < ip < 47r. Using the following formulas: 

F° = + Ae^^'A'' A , = -e"''V'' A 
it is possible to rewrite Ea. (|8.66|l as follows 

1 



A2 



2(7^ A CT^ A CT^ d ^ ct'^ A XA" 



and from it we can extract C2 



C2 



4A2 



sin 9'd9' A d(/. + 4 ^ cr" A AA'^ 



a=l 



constant 



that is equal to 



1 

4A2 
a 

^ 2A2 



■0 ^sin 9' d9' A d0 — sin 6* d6' A dip^ — cos 6*' cos 0d(j) Adip 



d9 Aa^ ~ sin 9 dip A a"^ 



constant 



(8.65) 
(8.66) 

(8.67) 

(8.68) 
(8.69) 



.70) 



(8.71) 



.72) 



(8.73) 



(8.74) 



when we insert in it the three gauge fields given in Eq. (|8.63|) . In the next section we will use the 
Maldacena-Nuhez solution for studying the properties of TV = 1 super Yang-Mills. 

8.4 Gauge couplings from MN solution 

In Eq.s (|8.31|l and H8.32|l we wrote the expression of the gauge couplings in terms of the super- 
gravity fields both for fractional and wrapped branes. In the case of wrapped branes having B — Q 
we see that the warp factor in Eg. (|8. 31(1 cancels giving: 
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47r 



9ym gsi^nVa') 



d^£,\JdctGAB (8.75) 



where with G we have denoted the metric tensor in the wrapped directions without the warp 
factor. 

In order to get exphcitly the gauge quantities from the supergravity solution we have to identify 
the two-cycle. It is clear that in the 7-dimensional gauged supergravity the two-cycle is the one 
specified by the coordinates 9 and (p keeping the other variables fixed. But when we lift the solution 
up to ten dimensions there is the topological twist that mixes {0,(p) with the variables {9' 
that describe S^. In the literature two choices for the two-cycle have been done. They are specified 
by: 

1. (0, (p) keeping the other variables fixed 

2. 9 — ±9' and (p = —cj) keeping p and ip fixed 

In Ref. the first choice for the two-cycle was made and one found the following expression 
for the gauge coupling constant: 



rlYM 

where 



7r/2 



E{x) = I d0 Jl - a;2 sin^^ ; (8.77) 



is the complete elliptic integral of second kind. Using the properties of the elliptic integral, it is 
easy to see that 



1 ^ Np 

in' 
N 



_ ioT p^oo , (8.78) 

9ym A' 



— for p^O . (8.79) 



9ym 327r 

implying that we get asymptotic freedom in the deep ultraviolet. Putting together the ultraviolet 
behavior in Eq. H8.78|l together with the relation connecting the supergravity variable p with the 
renormalization group scale /l( ^ 

2p _ 
sinh 2p ir' 

allowed the authors of Ref. [21] to get the running coupling constant of A/" = 1 super Yang- Mills. 
In fact from Eq. (|8.8U|) one can easily get: 



dp 3 



1 



l-(2p)-i-h2e-4p (l-e-4p) ^ 



91og(M/^) 2 

On the other hand from the ultraviolet behavior in Eg. (|8. 78(1 one gets 

dp 



(8.81) 



d\og{pi/A) Ng^^ 



PiOYu) (8.82) 



where PigYu) is the /3-function. Putting together Eq.s H8.81|l and (|8.82|l we arrive at the following 
/3-function: 

^ The connection between the gaugino condensate and a{p) was originally suggested in Ref. |32|. 
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/3(ffYM) = - 



167r2 



1 - 



Ng^M 



2 cxp 



2- 



1 — cxp 



1671-2 



(8.83) 



This is precisely the complete perturbative NSVZ /3-function of the pure M = 1 SYM theory with 
gauge group SU{N) in the Pauli-Villars regularization with in addition non-perturbative 
corrections due to fractional instantons. 

This result was questioned in Ref. [37 where it was shown that, if one also includes the first 
non leading logarithmic correction, one gets an extra contribution to the /3-function that modifies 
the one derived in Ref. [33] already at two-loop level. Then, in order to recover the correct two- 
loop behavior, it was suggested in Ref. pi* to add in Ea. H8.8U|) an extra function figyAi) of the 
coupling constant that can be fixed by requiring agreement with the correct two- loop result. Of 
course it turns out that /{gYAi) must be singular at gvM ~ as the transformation that is needed 
in going from the holomorphic to the wilsonian /3-function 35 . But in this way the construction 
of the NSVZ /3-function becomes not so direct and actually rather involved. 

Another problem that one encounters with the approach sketched so far is that one gets 
different physical properties if one uses a gauge rotated vector field of gauged supergravity in 
contradiction with the fact that a gauge transformation cannot change physical properties. This 
can be seen as follows. The SU{2) gauge field of 7-dimensional gauged supergravity is not vanishing 
but becomes a pure gauge in the deep infrared at p = 0. One can, therefore, perform a SU{2) gauge 
transformation that transforms it to zero at p = 0. In order to perform this gauge transformation 
it is convenient to rewrite the gauge field of the Maldacena-Nuhez solution as follows: 



A 



MN 



1 

2A 



2 • 

a sm 



-a^dO + sin 



a cos dd^) 



The first term in the right hand side of the previous equation is vanishing when p — Q because in 
this limit ai^p) becomes equal to 1, while the second term can be written as: 



-dhh 



2e 



(8.85) 



It is easy to see that the gauge field in Eq. 
gauge transformation: 



A 



can be gauged to zero by performing the following 
1 



MN 



^MN = ^ ^AMwh + i—h ^dh 

A 



(8.86) 



where h is given in Ea. H8.85|) . On the other hand acting with the previous gauge transformation 
on the entire field in Ea. (|8.84l) one gets p6] : 



' - 



a2 / 
^RIN 



I- a 
2A 

1 - a 
2A 



^3 



dO cos (p — sin (p sin cos 

dO sin (p + cos (p sin 9 cos 
1 - a . 



2A 



■ sm 



(8.87) 



(8.89) 



that is manifestly equal to at p = 0. We can now use these gauge fields instead of the ones in 
Ea. (|8.t)3|l in the 10-dimensional solution given in Eq.s (|8.64|l and (|8.73|) and we expect that the 
physical consequences are not modified. We will see that this is not the case. In fact the term in 
Ea. (|8.64|l for the metric that is important for determining the gauge coupling constant is equal 
to: 

Y^{A''f = ^^^^ \de^ + sin^ ~ed^ 



4A2 



(8.90) 
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This means that the part of the metric relevant for computing the gauge couphng constant is now 
given by: 

.91) 



2 # 



dxls + (46^^ + (a - if) {d9^ + sin^ 9d>f) 



4A2 

and from it one obtains the following gauge coupling constant 

47r2 



Ng 



YM 



Ae^" + {a-iy = ptanhp (8.92) 



that is totally different from the one obtained in Eq. H8.76|l although we have in the two cases used 
gauge fields that differ just by a gauge transformation. It has the same ultraviolet behavior as the 
expression given in Ea. l8.76|) but a totally different infrared behavior, namely 

4^2 4^2 

^ (8.93) 



N9ym N9ym 

This means that now the gauge coupling constant is divergent for p ^ and the point p = 
corresponds in the gauge theory to the Landau pole. One possible explanation of this mismatch 
is that a change of gauge for the gauge fields corresponds in the gauge theory living on the brane 
to a change of scheme of renormalization. Moreover this change of scheme must be singular when 
Qym is small. But on the other hand, if we compute the vacuum angle 6ym after the gauge 
transformation one obtains a result that is completely different from that found in Ref. |29| . 
Inserting in Ea. (|8.73|l the solution in the new gauge given in Eq.s (|8.87|l . H8.88|l and H8.89|l we get 

C2 — I?/; sin 6*' d^' /\d(j) + 2(1 — a) ti^ A {^9 cosip — su\ Lpsnv 9 cos 9 dip 

—cr^ A sin + cos sin fi' cos fi'di^^ + (7'^ A sin^ 6'(i(^ ^ -\- const. (8.94) 

Using this gauge transformed solution in Eq. 18.32|) one gets that 9y m is given by 

9ym - -Ni>o (8.95) 

instead of being proportional to if) as found in Ref. j29| . Notice that in the previous equation we 
have taken the constant of integration in Eq. (|8.94|l to be such to give Eq. H8.95() . 

A natural and elegant way to solve the previous problems is presented in Ref.s JST!, and 
is based on the observation that the correct cycle, i.e. the one that is topologically nontrivial is 
not the cycle chosen in Ref. [221 j but the one corresponding to the choice 2 at the beginning of 
this section, namely the one specified by: 

9 = ±9' . <p^-(j) (8.96) 

keeping p and 4' fixed. If we now compute the gauge couplings on the cycle specified in the previous 
equation we get |^ ESI EHI 

47r2 1 
— — = pcoth2p± -a(p)cosV' (8.97) 
^9ym 2 

and 



Oym - 7^ J C2^~N{4j± a{p) sin V' + Vo) (8.98) 

2'Kgsa' J 

These two Eq.s must be considered together with the relation between p and the renormalization 
group scale given in Eq. I|8.80|l . which in the following we are going to derive. The derivation of 
eg (I8.8U|) is based on the fact that, as for the fractional branes, there is a correspondence between 
the symmetries of the classical supergravity solution and those of the gauge theory living on the 
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brane described by the classical solution. If we look at the Maldacena-Nufiez solution it is easy to 
see that the metric in Ea. H8.64|) is invariant under the following transformations: 

■0 ^ -0 + 27r i/ a 7^ , 
V'^?A + 2e if a^Q ^ ' 

where e is an arbitrary constant. On the other hand C2 is not invariant under the previous 
transformations but its flux, that is exactly equal to Oym in Ea. H8.98|) . changes by an integer 
multiple of 2tt. In fact one gets: 

This changes 9ym by a factor 27r times an integer. But since the physics is periodic in Oym under 
a transformation Oym Oym + 27r this means that a change as in Ea. H8.100|l is an invariance. 
Notice that also Ea. (|8.97|) for the gauge coupling constant, is invariant under the transformation 
in Ea. H8.99() . This means that the classical solution and also the gauge couplings are invariant 
under the Z2 transformation if a 7^ 0, while this symmetry becomes Z2N if ct is taken to be zero. 
This implies that, since in the ultraviolet a(p) is exponentially small, we can neglect it and we 
have a Z2N symmetry, while in the infrared where we cannot neglect a{p) anymore, we have only a 
Z2 symmetry left. It is on the other hand well known that M — I super Yang-Mills has a non zero 
gaugino condensate < AA > that is responsible for the breaking of Z2N into Z2. Therefore it is 
natural to identify the gaugino condensate with the function a{p) that appears in the supergravity 
solution: 

< AA >- yl^ = n^a{p) (8.101) 

This gives the relation between the renormalization group scale fi and the supergravity space-time 
parameter p. 

In the ultraviolet (large p) a{p) is exponentially suppressed and in Eq.s H8.97(l and H8.98|l we 
can neglect it obtaining: 



2 =pcoth2p , Oym = -N {i^ + a) (8.102) 



^9ym 

The chiral anomaly can be obtained by performing the transformation ip + 2e and getting: 

Oym Oym - 27Ve (8.103) 

This implies that the Z2N transformations corresponding to e = ^ are symmetries because they 
shift Oym by multiples of 27r. 

In general, however, Eq.s H8.97|l and (|8.98|l are only invariant under the Z2 subgroup of Z2N 
corresponding to the transformation: 

tp-^i: + 2TT (8.104) 

that changes Oym in Ea. (|8.98|l as follows 

Oym ^ Oym -2Ntt (8.105) 
leaving invariant the gaugino condensate: 



Therefore the chiral anomaly and the breaking of Z2N to Z2 are encoded in Eq.s H8.97|l and 1)8.98(1 . 
Actually there are N vacua characterized by the value of the phase of the gaugino condensate: 
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< A2 A^e^"^'^ e***^" (8.107) 

that are obtained by a shift of Oy m by a factor 2'Kk as you can see in Eq. (|8.106|l . 

Let us turn now to the scale anomaly. It is easy to check that in the ultraviolet (neglecting 
a(p)) from Eq.s H8.1()2|l and (|8.101|l one gets the NSVZ /3-function. However, having neglected 
a{p) we cannot trust the contribution of the fractional instanton. On the other hand, if we do 
not neglect a{p) we get also a dependence on ijj for the gauge coupling constant and this is not 
satisfactory. The proposal formulated in Ref. ST has been to take the cycle that has the minimal 
area. This forces "0 to be equal to {2k + l)7r or 2fc7r depending on the sign chosen in Ea. l8.96|) . In 
both cases Eq. H8.97|l becomes: 

47r2 1 

pcoth 2p — -a(/9) = ptanhp (8.108) 



Ng'vM 2 

precisely as in Eq. H8.92|) . On the other hand if we insert in Eq. H8.98|) the previous values of i}} that 
minimize the area of the two-cycle, we get again the result of Eq. H8.95|l apart from an irrelevant 
additional integer multiple of 27r. This means that the choice of the correct cycle depends on the 
gauge chosen for the gauge field of the gauged supergravity |37|. In the gauge where the SU{2) 
gauge field is vanishing at p = 0, there is no mixing between ^, (p and the variables describing 
and in this case the correct cycle to be chosen is the choice 1 at the beginning of this section, 
while in the other gauge the correct cycle is the one specified in Ea. (|8.96|l . 

This brings us to the two following equations that determine the running of the gauge coupling 
constant oi M =1 super Yang-Mills as a function of the renormalization scale /i: 

„ = ptanhp ; . ^ ^ 8.109) 
Ng^M sinh2p ^3 ^ ' 

It is easy to check that they imply the NSVZ /3-function plus corrections due to fractional instan- 
tons. In fact from the previous two equations after some simple calculation one gets ^"^i 

dgvM _ r,, ^ 'i^gYM ^ + rsnm 

P{gYM) TTT^ Wni (8.110) 



aiog^ ""^'^''"^ 167r2 1 ^ 



This equation is exact and should be used together with the first equation in H8. 109(1 in order to 
get the /3-function as a function of gvM- It does not seem possible, however, to trade p with gym 
in an analytic way. It can be done in the ultraviolet where, from the first equation in (|8.1U9|I . 
it can be seen that p can be approximated with p = — coth — obtaining the following 
/3-function: 

3A^.#M ^ + lvfcsinh-2^ 



PygYM) TTT^ ^-2 —- (8.111) 

1 - + 2 ^mh 

that is equal to the NSVZ /?-function plus non-perturbative corrections due to fractional instan- 
tons. 
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